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LARBI BEN MHIDI-OUM EL BOUAGHI UNIVERSITY

(1%tyear, (st & Eng) Analysis 01-Final Exam  17/01/2026((Duration : 1.30 min)

Exercisel : (6pts) :
a) Let A be the set defined by : A={3+, vnen}
1-Prove that A is bounded, (545432)

2-Prove that sup(A) = 4 and inf(A) = 3, then determine max(A) and min(A) if they exist.
b)-Solve the following absolute value inequality: for x € R
lx—1|<2x-1

Exercise 2(5pts) : let (u,)ncy be the sequence defined Yn € N by :

n
n+1

sin (nTn)

u, =
1-Compute Uy, and Ugpy 1.
2-Deduce that (W) ey is a divergent sequence. (526bis Llliia)

Exercise 3(6pts) : Let f be the function defined by:
sin(x—1)
F(x) = {— ifx<1

xz -1 ,

v+l ifx>1

sm(x 1)

1- Evaluate lim,_,4 (using equivalent functions)( L Js )

2- Study the contmuz_t_y(JWY/ ) and differentiability ( GESY! LLld ) of the
function f at xy =1
3- Prove that : vx >0, \/x-}-_1<§+1
(Using Mean Value Theorem) (Lg-iiall <L) i)

Exercised (Course): (3pts) : Justify the following results: (L gilidl )

a- [x"] # [x]",forall xeR
b- VxeR/Z, [x]+ [-x]=-

3n

31 VR EN isasubsequence (b iiue g/ Lijd)of u, = ﬁ ,VyneN

- Vp=
d- if lim, ,,u, =L(u,isCV), then u, is bounded (445t
e- f —dx # [In|]x — 1]]3

Good luck




Final Exam Solutions (Analysis 01 )

Marks

Exercise 1: (6p) :
1 *
a) Let: A—{3+;,VTEN}
Wehave;n21:>0<;S1

:3<3+%s4

= 4 is an upper bound and 3is a lower bound
So A is bounded, supA and infA exist

1
4 € A(because Ifn=1,3 +;= 4)
So: maxA = supA =4
But: 3 ¢ A(because: If 3 +% = 3,then % = 0(It's a contradiction)

We must prove that: infA = 3.

By definition we have:
VaeA a=3

3=infA & A\
Ve>0,da€ A a<3+c¢

1
vn € N*, 3+—> 3(proved)
n
< 1
Ve>0,3neN*, 3+—-<3+¢
n

Let: €>0
1 1
3+—<3+ee=sn>—
n €
By taking: n =[]+ 1€ N’
1 1
We obtain: V£>0,Eln=[;]+IEN*,n>—£(=)3+%<3+8

Therefore: infA = 3.

But minA does not exist because 3 ¢ A

b)
[x—1]<2x-1

o 2x+1<x—-1<2x-1

0.5

0.5

0.25

0.5

0.25




>
x—1<2x-1 x_/\O
= A = 2
—2x+1<x-1 x2§
2
So: S—[§,+oo[
Exercise 2: (5p)
n . mm
let: un=n+1sm(7)
4in . 4inm _ 4n . _
= 52 sim () = 21 sinCam) = 0
_4dn+1 ((4n+1)1t>_4n+1 . (2 +1t)_4n+1
Want1 = 7o S 2 Tan+ 2 Mt ) Tt 2

o lim,,  uy;,, =0

n+l

an+2

since the two subsequences of (u,,) Converge to different limits,

(u,) a divergent sequence .
Exercise 3 (6p) :

o limy i, Ugpyq = lim, 4,

sin(x — 1) <1
if x
fo={"2-1
vx+1 ifx=1
. 1: sin(x—1) . sin(t)
1) sin(x—1) ~x—-1as x ~ 1because :lim —— =lim — =1
x-»1 x-1 t—0 t

. in(x—1 . -1 . -1 1

Then : lim 2 = lim =— = lim — ==
x-1 x°-1 x-1 x“-1 x—>1 (x—-1)(x+1) 2

2)
Continuity at xy = 1
lim f(x) = limVx+1 =2 = f(1)
x-s1 x-s1

. . sinx-1) 1
S0 = = =2

* f(1)
Then f is not continuous at xo = 1
Differentiability at x, = 1

- If f is differentiable at x then f is continuous at x
- If f is not continuous at x, = 1 then f is not differentiable at x, = 1

3) By taking: Vx > 0

gx)=vx+1
[a,b] = [0,x]
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1. g(x))is continuous on [— 1, +00[ = g(x)) is continuous on [0, x]
2. g(x)is differentiable on ]— 1, +00[ = g(x)is differentiable on |0, x|

Using Mean Value Theorem:

Ac € |a,b[: g(b) — g(a) = g'(c)(b — a)
Ac e ]0,x[: g(x) — g(0) = xg'(c)

First we obtain:

X
dce o, x:Vx+1 =1+
] [: v 2+/C +1
0<C<x>1<+VCc+1<+Vx+1=>1+ X <x+1
x + + -
* 2\Jc+1 2

Therefore: Vx>0, Vx+1< g +1

Exercised4 (Course): (3pts) :

o [x"]#[x]", forall xeR .
Example: if x =3 ,n =2
x"]=3#[x]"=1
o VXER/Z, |[x]+ [-x]=-1.

Let: [x]| = k> k<x<k+1=> -k—-1<-—-x<-k>[-x]=-k-1
So:[x]+ [-x]=k—-k—-1=-1

3n . T ew 7. n
* Vy =3 isasubsequences (Ll s/ Lin)fromu, = —

Let: o(n) = 3n (¢:N - N,and ¢ is increasing)
% = v, is a subsequences of (u,,)
e iflim, ., u, =L thenu,is bounded (54st2<)

So: u¢(n) = Uugp =

lim, ,,,u,=Le (Ve>0,AN(e) eNvneN:n>N = |u,, — L| < €)
> —e<u,—-L<e=>L-e<u,<L+ &= u,isbounded (L + € € R)

f —dx # [In|x —1]]3

1 .
Because f(x) = —— is not continuous on [0, 2]
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