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Introduction

This document has been prepared as a course support for the module Algebra 1 and Mathematical Tools. It
is primarily intended for first-year undergraduate students in mathematics, particularly those enrolled in the MI
and ST tracks, as well as first-year students in the national biomedical engineering program. Its main objective
is to provide students with the fundamental notions and algebraic techniques required for the study of higher
mathematics and related scientific disciplines.

The preparation of this manuscript has been carried out in accordance with the official curriculum prescribed
by the Ministry of Higher Education and Scientific Research. The content and organization of the chapters re-
spect the pedagogical framework and learning objectives established for first-year university students. Particular
attention has been devoted to presenting the material progressively and rigorously while maintaining clarity
and accessibility for beginners encountering abstract mathematical reasoning for the first time.

The purpose of this document is not to replace standard reference textbooks in algebra, but rather to serve as
a pedagogical support and a concise guide containing the essential concepts that every first-year student should
master. In addition to the theoretical aspects of the course, emphasis has been placed on examples, applications,
and solved exercises in order to strengthen students’ understanding and develop their mathematical reasoning
skills.

This manuscript is organized into six chapters covering the fundamental topics of introductory algebra and
mathematical reasoning:

Chapter 1: Logic Notions

Chapter 2: Sets and Applications

Chapter 3: Binary Relations on a Set

Chapter 4: Algebraic Structures

Chapter 5: Polynomial Rings

Chapter 6: Previous Examinations with Detailed Solutions

The first chapter introduces mathematical logic and set theory, which constitute the basic language of
modern mathematics and provide the necessary tools for formal reasoning and proof techniques. The second
chapter is devoted to applications and binary relations defined on sets, including equivalence relations and order
relations, which play a central role in many areas of mathematics.

The following chapters focus on the study of algebraic structures. In particular, groups, rings, integral do-
mains, and polynomial rings are introduced progressively through definitions, properties, examples, and applica-
tions. Emphasis is placed on understanding both the abstract theory and the computational aspects of algebraic
structures. Numerous solved exercises and additional problems are provided throughout the manuscript to help
students develop their problem-solving skills and strengthen their understanding of the theoretical concepts
presented in the course.

The sixth and final chapter is dedicated to a collection of previous examinations accompanied by detailed
solutions. This chapter aims to familiarize students with the style and level of university examinations while
providing them with effective guidance for revision and self-assessment. By working through these exams,
students can reinforce their mastery of the course material, improve their methodological approach to problem
solving, and gain confidence in preparing for assessments.

Historically, algebraic structures emerged naturally in different branches of mathematics and were not ini-
tially studied as independent objects. Over time, mathematicians recognized that many mathematical systems
share common structural properties, leading to the development of abstract algebra as a unified field of study.
Consequently, modern algebra establishes deep connections with several domains such as number theory, geom-
etry, analysis, topology, physics, computer science, and engineering.

A large variety of algebraic structures satisfy different axiomatic systems, including groups, rings, fields,
vector spaces, and modules. For each of these structures, mathematicians define appropriate notions of homo-
morphisms, substructures, quotient structures, and direct products. These concepts allow the comparison of
algebraic systems and reveal important similarities between seemingly different mathematical objects. Further-
more, many fundamental properties are shared among these structures, such as closure properties, morphism
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preservation, intersections of substructures, and quotient constructions.

For this reason, algebraic structures are introduced in a general and abstract framework that permits the
unified treatment of common constructions and properties before focusing on the specific features of each
structure individually. Such an approach not only simplifies mathematical reasoning but also enables students
to develop a deeper understanding of abstraction and mathematical rigor.

Given the fundamental importance of algebra in modern mathematics and its applications, this first-year
course mainly emphasizes the acquisition of general algebraic concepts, logical reasoning, and proof methods that
will serve as indispensable tools throughout the students’ academic training. It is hoped that this manuscript
will provide students with a solid mathematical foundation and encourage them to pursue further studies in
algebra and related mathematical sciences.

Algebra 1 Y. SOULA 5



Chapter 1

Logic Notions

1.1 Introduction

Mathematical logic constitutes the foundation of all mathematical reasoning and proof techniques. It provides
the basic language and methods used to formulate mathematical statements precisely and to determine their
validity. In this chapter, we introduce the fundamental notions of logic, including propositions, logical connec-
tives, quantifiers, and methods of reasoning. These concepts are essential tools for understanding and developing
rigorous mathematical arguments throughout the study of algebra and other branches of mathematics.

1.2 Notions

(W Definition 1.2.1 )
o We call any relation P that is either true or false a "logical proposition".
o When the proposition is true, it is assigned the value 1.
e When the proposition is false, it is assigned the value 0.
o These values are called "Truth values of the proposition". )

/Example 1.2.2
Tr

1. "I am taller than you", is a proposition.
2. "2+ 2 =4"is a proposition.
"2 x 3 =1T7"is a proposition.

"For all € R; we have z? > (" is a proposition.

oo W

"How are you today?" is not a proposition.

Thus, to define a logical proposition, it suffices to give its truth values. Generally, these values are put into a
table called a "Truth table".

1.2.1 Logical Operations
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e —
WDeﬁnition 1.2.3 Negation: "P"

Given a logical proposition P, we call the negation of P the logical proposition P, which is false when P
is true and true when P is false, so we can represent it as follows:

P
1

Definition 1.2.4 Conjunction: "A"

Let P and @ be two logical propositions, we call "conjunction" of P and @ the proposition "PAQ ", which
is true when both P and @ are true and false otherwise. Its truth table:
P|lQ|PAQ
1 |1 1
010 0
110 0
0|1 0
N\ J
s N

Definition 1.2.5 Disjunction "V"

Let P and @ be two logical propositions, we call "disjunction" of P and @ the proposition "PV Q@ ", which
is true if either of the logical propositions P or @ is true. Its truth table:
P|lQ|PVQ
111 1
010 0
110 1
0|1 1
\ J
e N

Definition 1.2.6 Implication "="

Consider two logical propositions P and @, we denote "P = Q" the logical proposition that is false if P
is true and (@ is false. The proposition P = Q reads "P implies @ ".

P P=Q

)—‘OOH@

=l

1
0
1
0

Given two logical propositions P and @, the truth table of PV Q is as follows:

P|P|Q|PVQ
101 1
0[1]0 1
110 |0 0
011 1

We see that this table is identical to that of P = @, so we say that the proposition P = @ is equivalent

L] to the proposition PV Q: )

Algebra 1 Y. SOULA 7
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Definition 1.2.7 Equivalence "<"

We say that the two logical propositions P and @ are logically equivalent if they are true simultaneously
or false simultaneously, and we denote "P < @ ", its truth table is:
Pl Q| Pe@
1 |1 1
010 1
110 0
0|1 0
. /
1.2.2 DeMorgan’s Rules
( \
fProposition 1.2.8
Let P and @ be two logical propositions, then:
1. PA\Q< PVQ.
. 2. PVQ e PAQ. )

fg Proof

We establish the proof of these rules by giving the truth values of the corresponding logical propositions.
1. _ - -
P|lQ|P|Q|PANQ|PANQ|PVQ|PANQesPVQ
1 {11010 1 0 0 1
010 |1 |1 0 1 1 1
170 |0 |1 0 1 1 1
0|1 |1 1|0 0 1 1 1
2. _ _ .
P|lQ|P |Q | PVQ|PVQ | PANQ | PVQsSPAQ
1 ]1 0 0 1 0 0 1
010 1 1 0 1 1 1
110 0 1 1 0 0 1
0|1 1 0 1 0 0 1

1.3 Quantifiers

1

.3.1 Universal Quantifier V, or "for all"

A proposition P may depend on a parameter z. For example: "z? > 1 " the assertion P(z) is true or false

depending on the value of z.

Definition 1.3.1

Vx € E, P(x), is true when the propositions P(x) are true for all elements x in the set E. We read "For
all z belonging to E, P(x)".

/Example 1.3.2

| 1. Vo € [1;+00[ ; 2% > 1 is a true proposition.

2. Vz € R; 22 > 1 is a false proposition.

Algebra 1 Y. SOULA 8
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3. ¥n € N; n(n + 1) is divisible by 2 is true.

1.3.2 Existential Quantifier 4, or "there exists"

WDeﬁnition 1.3.3

Jx € E; P(x), is true when we can find at least one x from E for which P(z) is true. We read "there
exists z belonging to E such that P(z) is true".

0/‘Example 1.3.4
1. 3z € R; z(xz — 1) < 0 is true.

2. In € N;n?2 —n > n is true.

3. dz € R; 22 = —4 is false.

1.3.3 Negation of Quantifiers

s N
,/Kf Definition 1.3.5
1. The negation of "Vz € E; P(z)" is "Jx € E; P(x)".
For example, the negation of "V € R;z? > 1 " is the assertion "Jz € R;z? < 1".
2. The negation of '3z € F; P(z)" is "Vz € E; P(z)".
For example, the negation of "In € N; n2 —n > n' is the assertion "Vn € N; n? —n < n'".
3. Negation of complex sentences: for example, the proposition Vo € E, Jy € E; P(x;y)"
its negation is 'Jx € E, Yy € E; P(x;y)".
L For example, the negation of 'Vx e R, Iy e R,z +y >0"is "Iz e R, Vy e R, z +y < 0" )
~

(&Note 1.3.6

The order of quantifiers is very important. For example, the two logical sentences
Ve € R,dy e Re +y >0,

and
Jz e R,Vy e Re +y >0,

are different.

The first one is true, the second one is false. Indeed, the first sentence asserts that "For every real number
x, there exists a real number y (which may depend on z) such that z +y > 0" (for example, for a given
x we can take y = —x + 1). So, it is a true sentence. On the other hand, the second one reads: "There
exists a real number y, such that for every real number x, x +y > 0." This sentence is false, it cannot be

L the same y that works for all z. )

1.4 Types of Reasoning

Definition 1.4.1 Direct Reasoning

| We want to show that the proposition "P = Q" is true. We assume that P is true and then show that @
is true.

Algebra 1 Y. SOULA 9
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Example 1.4.2

Show that I
x
Ve,y eRY, z<y=>z< 2y§y
gProof
We have
r+y
xgy:>x+x§x+yé2z§z+y:>x§7. (1.1)
Tr+y
yzxéy+y§x+y:$2y2z+y:>y27. (1.2)

From (1.1) and (1.2) we have:

So

is true.

(//lDeﬁnition 1.4.3 Case by Case

If we want to verify a proposition P(x) for all = in a set E, we show the proposition P(x) for z € A C E,
and then for z ¢ A.

Q/‘Example 1.4.4
| Show that: Vo € R; |z — 1| < 2% — 2 + 1.

ﬁ Proof

1. If
x>1, |r—1=z-1
Then,
2 —rtl—|z—1=a’-a+l-a+l=2>-22+2=(x—1)>+1>0.
So
1>z —1].
2. If
r<ljz—1=—(z-1).
Then,
P —rtl—|z—1=2>-2+1-(—z+)=2?-z+1+zx—-1=22>0.
So
2 —r+1> |z —1].
Conclusion, in all cases
VxE]R;|x—1|§J:2—x+1.

Algebra 1 Y. SOULA 10
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N
Definition 1.4.5 Contrapositive
Reasoning by "contraposition"' is based on the following equivalence:
(P=Q)= (@Q=P).
So, if we want to show the assertion ”P = Q” we actually show that if @ is true. Then, P is true. )

Q/“Example 1.4.6

| Show that: Vn € N; n? is even then n is even.

g Proof

We want to show that if n is odd = n? is odd.
Vn € N; n is odd, then there exists k£ € N such that n = 2k + 1.
Then, n? = 4k? + 4k + 1 = 2(2k2 + 2k) + 1 = 2k’ + 1. So, n? is odd.

Example 1.4.7
Shaw that by Contraposition:

1. If the product of two integers a and b, ab is odd, then both a and b are odd.

2. If 22 is not divisible by 3, then z is not divisible by 3.

ﬁ Proof

Proof by Contraposition:

Instead of proving directly, we prove the contrapositive:

1. If either a or b is even, then ab is even.
Suppose a is even. Then a = 2k for some integer k.
Then
ab = (2k) x b = 2(kb), which is divisible by 2, hence ab is even.
Similarly, if b is even, the same reasoning applies.
Therefore, if either
a or b is even, ab is even.

By contraposition, if ab is odd, then both a and b are odd.

2. If z is divisible by 3, then 2? is divisible by 3.
Suppose
x is divisible by 3, so x = 3k for some integer k.
Then
2? = (3k)? = 9k? = 3 x (3k?), which is divisible by 3.
Thus, if z is divisible by 3, then 22 is divisible by 3.
By contraposition, if

22 is not divisible by 3, then x is not divisible by 3.

Algebra 1 Y. SOULA 11
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WDeﬁnition 1.4.8 Absurd

Reasoning by "absurd" to show that "P = Q" is based on the following principle: we assume both that
P is true and @ is false. We seek a contradiction. Thus if P is true then () must be true and therefore
"P = Q" is true.

0/“Example 1.4.9
Show that: Vx,y € R*. If,

r ¥y
1+y 14z
Then, x = y.
EgProof
W that — Y and z £
e assume tha = and z .
1+y 1+2 Y
Since
r ¥y
l+y 14z
Then,
z(14+2) =y(1+y).
So
r 42 = Y+ y2.
Hence
z? — y2 =—x+y.
So,
(z—y)z+y) =—(r—y).
Since z # y. Then, x — y # 0 and so by dividing by  — y we get « + y = —1 this is a contradiction(the
sum of two positive numbers is positive). Conclusion, Vz,y € RT. If,
)
l+y 14z
Then, x = y.

Definition 1.4.10 Counterexample

By counterexample to show that "Vx € FE; P(x)” is false. It suffices to find x € F, such that P(x) is
false.

Example 1.4.11

| Show that "every positive integer is the sum of three squares" is false.

g Proof
|

Let’s take a counterexample. Consider the integer n = 7, the squares less than 7 are 0; 1; 4 but 0+1+44 # 7.

Algebra 1 Y. SOULA 12
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Definition 1.4.12 Recurrence

The principle of "recurrence" allows us to show that a proposition P(n) depending on n, is true for all n
€ N. The proof by recurrence proceeds in three steps:

1. Initialization: we verify that P(0) is true.

2. Heredity: we assume n > 0 given with P(n) true. Then, we demonstrate that the proposition
P(n+ 1) at the next rank is true.

3. Conclusion: we recall that by the principle of recurrence P(n) is true for all n € N.

Example 1.4.13
Show that

+1)(2n+1)
Vn €N, P(n j2 = .
e p=3 :

ﬁ Proof

1. Initialization: For n = 0, we have 0% = 0. So, P(0) is true.

2. Heredity: For n > 0, we assume that P(n) is true, i.e

, nn+1)2n+1)
Zk 6 ?

is true, and we show that

n+1 n+1
+1D(n+2)2n+1)+1) (n+1)(n+2)(2n+3)
=Y = k2 =
Pln Z: 6 z: 6 ’
is true.
P(n) is true so
- 1(2n+1
Zk2:02+12+22+....+n2:n<n+ )6(n+ ).
We have:
n+1
S = 0P+ 12 4274 4+ (n+ 1)
k=0
1)(2 1 1)(2 1
_ nnt )6(n+ ) fng1)r= Mt )6(n+ ) ¢ tn+1y2,
 (n+1)(n+2)+(2n+3)
= ; ,
 (n+1D)(n+2)(2n+3)
- c .

Hence P(n + 1) is true.

3. Conclusion,

¥neN, Zk'2 _ n(n—|—1)6(2n+ 1).
k=0

Algebra 1 Y. SOULA 13
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LOGIC NOTIONS

Example 1.4.14

1.
2.
3.

4.

Prove that by recurrence

2" >n? forall n>5.
3">2n+1 forall n>1.
n! > 2n forall n > 4.

1+3+44+.+ L =2-21L forall n>o0.

ﬁ Proof

1.

Proof by recurrence

2" >n? forall n>5.
Forn =15, 2°=32,

so the base case holds.

52 =25, and 32 > 25,
Inductive step: Assume for some
n>5, 2" > n.

We want to prove that:

2" > (n 4 1)?

Start from the left:
ntl =92.927 > 2.72
It suffices to show that
2m?2 > (n+1)2=n?+2n+1,

(by inductive hypothesis).

or equivalently,
2n2—n?—2n—1=n%?2-2n-1>0.

Check this inequality for

n>>5:
n?-2n—1=(mn-1>%-2>16-2=14>0,
so it holds.

Therefore,

2nFl > (n +1)2,

By induction, the inequality holds for all n > 5.

3">2n+1 forall n>1.

Base case: For n =1,

31=3, 2(1)+1=3,

so equality holds.

Inductive step: Assume for some
n>1

3" >2n+ 1.

We want to prove that:

3" >9(n41)+1=2n+3.

Start from the left:

Algebra 1

Y. SOULA
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CHAPTER 1.
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3"t =3.3">3(2n+1)=6n+3

It suffices to show:

6n+3>2n+3

or

n+3—-2n—-—3=4n >0,
which is true for all n > 1.
Thus,
3n+1>2(n+1)+1,

and by induction, the inequality holds for all n > 1.
n! > 2n forall n > 4.

Base case: For n =4,

41 =24, 2(4) =8, 24 > 8,

So the base case holds.

Inductive step: Assume for some n > 4,

n! > 2n

We want to prove that

(n+1!'>2(n+1).

Starting from the left:

m+1)!=Mm+1)n! >2n(n+1) >2(n+1).

So,

(n+1!>2(n+1)y

By induction, the inequality holds for all n > 4.

l+i+diy b =2-2L forall n>o0.

Case case: For n =0, left side is:

1
o=
and right side is:
1
2 — 5 = 2-1=1,
so base case holds.
Inductive step: Assume for some
n >0,
n+1 1 B 1
Z ? o on+1"
i=0
Algebra 1 Y. SOULA 15
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CHAPTER 1.

LOGIC NOTIONS

We want to prove:

n+1 n
1 1 1 1 1
=yt =2 g g
=0 =0
Simplify the right side:
g L, Lo, o1, 11
on 2n+1 on 2.9n on 2n+1

Rewrite the two fractions with denominator 27+1

1 1 2 1 1

2771 + 2n+1 - 72n+1 + 2n+1 - 72n+1

So the sum becomes:

1

2- 2n+1’

which is exactly what we wanted to prove.

Therefore, by induction, the formula holds for all n > 0

Algebra 1

Y. SOULA
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1.5 Exercises

-
? Exercise 1.5.1
Consider the following four statements:
(a) Iz eR,VyeR, xz+y>0.
(b)VzeR,IyeR, z+y>0.
(c)VzeR, VyeR, z+y >0.
(d) Iz € R, Vy € R, y* > .

1. Are the statements a, b, ¢, d true or false? Provide their negations.
2. Let P, Q, and R be three statements. Verify by creating a truth table:
(a) PN(QVR)< (PAQ)V(PAR),

(b) (P=Q) = PAQ.

P
? Exercise 1.5.2

Let f function of R in R. Translate the following expressions into quantifier terms:
1. f is bounded above.
2. f is bounded.

f is even.

- W

f never equals zero.

ot

f is periodic.
f is increasing.

f is not the zero function.

® N>

f attains all values in N.

~
? Exercise 1.5.3
Let f: R — R. What is the difference in meaning between the two proposed statements?

1.VzeR, W eR, y = f(x) and Jy eR,Vz € R, y = f(z).
2. VyeR, Iz eR, y= f(x) and JreR, Vy e R, y= f(x).

3. Ve e R, IM € R, f(x) <M and dM e R, Vx € R, f(z) < M.

P
? Exercise 1.5.4

Let f: R — R a continuous function. We consider the following assertions:
P:"VzxeR, f(z)=0".

Q;73r eR, f(z)=0"
R:”VzxeR, f(x)>0)or(VzeR, f(x)<0)”.
Among the following implications, which ones are true?
aP=@Q, bQ@Q=P,

c@ =R, dEéQ,
e@Q=P, fP=R

Algebra 1 Y. SOULA 17
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~
? Exercise 1.5.5
1. Solve in R? the system

2. Prove that the statement

1 1
74'_7

(ne N \{1}: 142+

1
+ .t ~€ N) is false

(? Exercise 1.5.6

) 1. Give negation of the following propositions:
a)Vz eR, 2z> .
b)VzxeR, z>0= 2z >ux.
c) IneN, bdn+11=23n+14.
d)VeeR, (¢>0)=(3neN:1i<eg)

2. In the first three cases, indicate which one is true.

P
? Exercise 1.5.7

Write the following sentences and negate them using quantifiers:

a) A : "For every two natural numbers a and b, there is a natural number c¢ that satisfies ac # bc or
a="."

b) B : "The sum of a rational number and an irrational number is an irrational number."

c) C: " If the sum and product of two real numbers belong to the set @, then these two numbers
belong to @ ".

d) D : " For each z and y of R we have xy = 0 is equivalent to x =0 or y = 0.”

s N
? Exercise 1.5.8
Are the following sentences true or false? Justify your answer.
a)P;:"VyeR, IzeR:z—y=1"
b)Py:"JzeR, VyeR:z—y=1"
C) Ps: '"P1 =Py .
d) Py: "Py =Py 7.
N\ J
s N
? Exercise 1.5.9
Consider the statement P : " ¥n € N, (n+ 1)odd = n even."
1. Using absurd reasoning, prove that statement P is true.
2. Using counterfactual reasoning, prove that statement P is true. )
s - N
2 Exercise 1.5.10
Using successive equivalence reasoning prove the following:
LVzeRy :x+1>2
2. Vx € ]—o0, 1]: Im—flgzi
N\ J
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e 2
? Exercise 1.5.11
Using case-by-case reasoning, prove the following:
1. n(n 4+ 1) is an even number for all n in N
L 2. n (n+1)(n+2) is a multiple of 3 for all n in N )
N

p
? Exercise 1.5.12
1. Show that the statement "V(n,m) € Z? : (n+m =10) = (n =6 V m = 4)” is false.
2. Show that the statement "3z € R: (x < 1) = (1 + 22 > 2)” is true.

3. Show that the statement "ABC' is an isosceles triangle with a right angle at A. The measure of

A
L angle ABC' is equal to 50° " is false. )

P
? Exercise 1.5.13

Prove by recurrence that:
For every natural number n greater than or equal to 12, there is at least a pair (p, ¢) of N? such that:

n = 3p+ 2q. )
e 2
? Exercise 1.5.14
Show by recurrence that:
1. Vn e Nt 13423 4 . 48 = 20
2. Vn € N, 4™ 4+ 6n — 1 is a multiple of 9. )
e N
) Exercise 1.5.15
Show by recurrence
. 1 1.3.5..(2n — 1) 1
3.5...(2n —
Vn > 2, < <
T T WiAn+1 2.4.6...(2n) V3n+1
2.
= 4n+3
=1, S WVk< 0
6
k=1
\ J
e N
? Exercise 1.5.16
By the absurd show that:
L vV2¢Q
2. Vn € N, n? even = n is even. )
e N
? Exercise 1.5.17
Prove by absurd that:
L VzeRT,3eN:z <n. )
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? Exercise 1.5.18

By contrapositive, show that
1. If (n? — 1) is not divisible by 8 then n is even.

2. Ve >0, [z]|<e=x=0.
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1.6 Solutions

~
gSOIution 1.5.1
1. is false because its negation is Vo € R, 3y € R, z +y < 0, is true.

let z € R, there exists y € R, such that x + y <0, for example we can take y = —(x + 1) and then
z+y=crz—x—-—1=-1<0.

2. is true, for any given x for example we can take y = —x+1, and then z+y = 1 > 0. Then negation
of 2)isTx eR;Vy e Ry 2 +y <0:

3. is false for example x = —1, y = 0. The negation is 3x € R, Jy € R, x +y < 0.
4. is true, we can take x = —1, the negation is Vz € R, 3y € R, 3% < .

5. Truth table:

PIQ|R|QVR|PAQVR(Q)|PAQ|PAR| (PAQ)V(PAR)(2)| (1)< (2)
1 1 1 1 1 1 1 1 1
0]0 |0 0 0 0 0 0 1
11110 1 0 0 0 0 1
110 |1 1 1 1 0 1 1
0 |1 1 1 1 0 1 1 1
1 ({010 1 0 0 0 0 1
0|1 1]0 1 0 0 0 0 1
001 0 0 0 0 0 1
6. _ _
PlQ|Q|PAQ|P=Q|P=Q|(P=Q)=PAQ
1 110 0 1 0 1
0]0 |1 0 1 0 1
110 |1 1 0 1 1
0|10 0 1 0 1
N\ J
e ~
gSolution 1.5.2
1. IM e R, Vz € R, f(x) < M.
2. IMeR, ImeR,Vr e R, m< f(x) <M.
3. Vz e R, f(z) = f(—x).
4. Vx € R, f(z) #0.
5. Ja e R*, Vz € R, f(z + a) = f(z).
6. Ve e R, Vy e R, 2 <y = f(z) < f(y).
7. 3z e R, f(z) #0.
L 8. VneN, Jz e R, f(z) =n. )

P
ﬁSolution 1.5.3

1. The first statement is verified by any function, the second one means that f is constant.

2. The first statement means that f takes every value in R, the second one is absurd.

3. The first statement is always verified, the second one means that f is bounded.
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(EgSolution 1.5.4 )
Only the statements: a), d), e) are true. Because:
1. (Vz € R, f(z) =0) = (3z € R, f(z) = 0).
2. [(3z € R, f(z) < 0) et (3z € R, f(z) > 0)] = [Fz € R, f(z) = 0].
3. (Vz € R, f(z) £ 0) = (3z € R, f(z) # 0), (the contrapositive of 1). )
N

-

P
EgSolution 1.5.5

1)

{ E“’”ﬂ)(y—%ig S@@-1)y-2)=0A(z+1)(y+3)=0

Sx-1=0Vy—2=0A(z+1=0Vy+3)=0
Sx=1Vy=2)A(z=-1Vy=-3)

S=1Nz=-1)V(@e=1ANy=-3)V(y=2Az=-1)
V(y=2Ay=-3)
Since Since (x =1 Az = —1) and (y = 2 Ay = —3) are both false statements, then

(@I00220 etny=9v=2ns=-1

& (2.y) = (1,-3)V (1,y) = (-1,2)
then the set of solutions to the system is
§S={1,-3), (-12)}.
2)
Show that this statement (Vn € N*\ {1} : 14+ 1 4+ 2 4+ ...+ 1 € N) is false
It is sufficient to show that its negation is true
We have the negative of the statement is:
GneN\{1}:1+1+1+ . +1¢N)
Let n =2 ¢ N*\ {1}.
We have: 1+ 3 =3¢ N
So, the statement
(FneN\{1}:1+3+3+..+ = ¢N)is true.
Then the statement
(VR e N*\{1}: 143+ 3+ ..+ €N) is false.

p
fQSolution 1.5.6

1)
a) the negation is given by

dreR:2x <z

b) the negation of proposition (b) is given by
dreR:x>0A2zx <.

c) the negation is given by

YneN, bn+11#3n+14

d) the negation is given by
JeeR >0AVneN":
2)

proposition (a) is false because its negation is true.

> €

1
n
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proposition (b) is true. For the proof, we proceed as follows
let z € R,
suppose that x > 0 hence 2z =x+z >«
this completes the proof
3)
proposition (c) is false. Solving the equation 5n+ 11 = 3n + 14
we find that the only solution is n =3, or 3 ¢ N
Therefore
VneN: bdn+11#3n+ 14
L is true, or proposition " In € N, 5n + 11 = 3n 4 14" is false. )
s N
gSOIution 1.5.7
a)A:"VaeNVbeN FJceN:ac#bcVa=»>".
Or
A:"V(a,b) eN?  JceN:ac#£bcVa=b".
its negation is: "3 € N, IbeN , VceN:ac=bc A a#b.".
byB:"VaeQ,VyeR\Q,z+yeR\Q".
its negation is: "Jr € Q, Iy e R\ Q,z+y ¢R\Q ".
c)C:"V(r,y) eR? (2+y€eQArayeQ) = (z€QAyecQ)".
its negation is: " 3 (z,y) eR%, (z+y € QAzy e Q) A (2 ¢ QVy ¢ Q)"
d)D:"V (z,y) €R? (zy=0) < (z=0Vy=0)".
its negation is:
We know that: P < Q means (P= Q) A (Q = P)ie. (PVQ)A(QVP)
L So that, the negation of D is: "3 (z,y) € R2, (zy = 0A(z # 0Ay #0))V ((x = 0Vy = 0) Axy # O)".)
s N
:5801uti0n 1.5.8
a)P;:"VyeR, IxeR:z—y=1"
Let y € R,
The equation x — y = 1 with the unknown x is equivalent to z =y + 1.
Since 1 and y are in R, then z € R.
So,"Vy e R, Jx =y+1€R:z—y=1".
Then the statement P is true.
b)Py: "JzeR, VyeR:z—y=1"
Suppose there is € R such that for each y € R
r—y=1
We take z =y
Then,
r—y=x—x=0#1
Therefore, statement P5 is incorrect
i.e., Py is false
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C) Psg: "P; =Py ".
Know that statement P; is true and statement P is false.

n

So, the statement "P; =Py " is false.
d) Py : "Py =Py 7.
Know that statement Py is false and statement P, is true.

So, the statement "Py =P " is true.

P
ﬁSolution 1.5.9

Let the statement P : " Vn € N, (n+ 1)odd = n even."

1) Show that P is true using deductive reasoning,.

Let n € N,

(n+1)odd=3JkeN:n+1=2k+1
=dkeN:n=2k
= n even

So, the statement P is true.

2) Show that P is true using counterfactual reasoning.

Meaning we show that,

"Vn € N, n is not even = (n +1) is not odd."

or

"VneN, nisodd = (n +1) is even."

Let n € N,

nisodd = JdkeN:n=2k+1
=3JdkeN:n+1=2k+2
=3JkeN:n+1=2k+1)
=(n +1) is even

So, the statement P is true.

P
5S01ution 1.5.10

Using successive equivalences, show that

VeeRy:x+1>2 7

VeeR, x4+ 1>260vVreRy, £H >0
S VreRy, 22 +1>2z  (puisque z > 0)
eVeeR:,22-22+1>0
SV eRy, (z—1)2>0

So,Vz eR} :x+21>26VeeRy, (z—1)2>0.

Since statement Vz € R%, (z —1)? > 0 is true, then,

VxeRj:x+%22istrue.
2) Vz € |—o0, 1[: 7 <4 7.

Vo € ]—o0, 1[: Ixil <4&Vre]-oo, 1[: 2% >4(z —1) (puisque z < 1)
ca? —4(x—1) >0.

&V € |—o0,
& Vo € |—o0,
&V € |—o0,

|—o0,

& Vr €
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g

So, Vo € ]—00, 1]: £ <4 & Va € |—o0, 1[, (z —2)2 > 0.

ol
Since statement Va € |—oo, 1[, (x —2)2 > 0 is true, then,

Vi € ]—o0, 1[: 2 < 4is true.

x —1 —

g

p
fgsolution 1.5.11

Reasoning by separating cases

1) We show that: n(n + 1) is an even number for all n in N

e If n is even, then there existe k € N such that: n = 2k

So, n(n+1) =2k(2k+1) =2p

such that p = k(2k + 1)

as k € Nthen pe N

So n(n + 1) is an even number

e If n is odd, then there existe k € N such that: n =2k + 1

So,n(n+1)=2k+1)2k+2)=22k+1)(k+1)=2p

such that p = (2k+ 1)(k + 1)

as k € Nthen pe N

So n(n + 1) is an even number

Conclusion: n(n + 1) is an even number for every n in N.

2) We show that: n (n+ 1)(n + 2) is a multiple of 3 for all n in N

We have three cases:

e If n = 3k such that k£ € N, then

nn+1)(n+2)=3k (n+1)(n+2)=3p

such that p =k (n + 1)(n + 2) is natural number.

So, n (n + 1)(n + 2) is a multiple of 3.

e If n = 3k +1 such that k € N, then

nn+1)(n+2)=nn+1)Bk+1+2)=n(n+1)(3k+3)
=3nn+1)(k+1)=3p

such that p = n(n + 1)(k + 1) is natural number.

So, n (n+ 1)(n + 2) is a multiple of 3.

o If n = 3k +2 such that k € N, then

n(n+1)(n+2)=nBk+2+1)(n+2)=n3k+3)(n+2)
=3n(k+1)(n+2)=3p

such that p = n(k + 1)(n + 2) is natural number.

So, n (n+ 1)(n + 2) is a multiple of 3.

Conclusion: n (n+ 1)(n + 2) is a multiple of 3 for every n in N.

-
gSolution 1.5.12
1) We show the statement "V(n,m) € Z? : (n+m = 10) = (n =6 V m = 4)” is false.

We show then that its negation "3(n,m) € Z* : (n+m =10) A (n # 6 A m # 4)” is true.
For n = —15and m =25 we have: n+m=—-15+25=10 A(n=—-15#6 A m =25 #4)

So, "I(n,m) € Z*: (n+m =10) A (n# 6 A m # 4)” is true.

Then,

"V(n,m) €Z?: (n+m=10) = (n =6 V. m = 4)” is false.

2) We show the statement "Iz € R: (z < 1) = (1 + 22 > 2)” is true.
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Forz=-2€R, —2<1=1+(-22?=1+4=5>2.

So, the statement "3z = -2 € R: (z < 1) = (1 + 22 > 2)” is true.

3) We show the statement "ABC is an isosceles triangle with a right angle at A. The measure of
angle Al%C’ is equal to 50° " is false.

Assume the statement is true. So,
A

A A
A=90°, B =C =50° then
A A A
A+ B +C =90° + 50° + 50° = 190°.
This contradicts the fact that the sum of the angles of a triangle equals 180°.
So, the assumption is false

And from it the statement "ABC' is an isosceles triangle with a right angle at A. The measure of

A
L angle ABC' is equal to 50° " is false. )

P
5S01ution 1.5.13

We prove by recurrence that:

For every natural number n greater than or equal to 12, there is at least a pair (p, q) of N? such
that: n = 3p+ 2¢q

ie. Vn e N*\ {1,2,...11}, 3(p, q¢) € N2: n =3p+2¢q
For n = 12, then

12 =3(2) +2(3)

then, there is at least a pair (2, 3) of N2, such that: 12 = 3p + 2¢
So the statement is true for n = 12.

Assume the proposition is true for n and prove it is true for n + 1.
We have according to the assumption

Vn e N*\ {1,2,..,11}, I(p, q) € N> : n = 3p+ 2¢
then,

Ip,q) EN?:n+1=3p+2¢+1

ie.

Ip,q) EN?>:n+1=3p+2¢+3-2

Ip,q) EN*:n+1=3(p+1)+2(q—1)
-Ifg>1theng—1€N

-If g =0 then n =3p

So,n+1=3(p—1)+2(2)

Since n > 12 then p > 4 And from it p—1 € N

So,

Ip—-1,2) e N*:n+1=3(p+1)+2(2)

And the property is true for n + 1.

Then,

Vn e N*\ {1,2,..,11}, I(p, q) e N> : n = 3p+ 2¢

e
gSOIution 1.5.14
1. Let’s show that P, : 13 423 + ... 4+ n3 = M, Vn € N*

12(2)2
4

e For n =1 we have : 1% = =1

So P, is true.
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n?(n+1)2
4

e We suppose that P, : 12 +23 + ...+ n3 = is true.

is true.

And we show that: 12 + 23 + .. +n?+ (n+1)* = w

Using P,, we obtain:

B4+ 40+ (n+1)?
2 2
+1
n?(n+1)24+4(n+1)3
4
(n+1)2(n?+4n+4)
4
(n+1)%(n +2)?
4

B+ 4+ 4+ (n+1)3

Thus P, is true, then Vn € N* : 13 +23 + .. 4+ n3 = M.

Let’s show that P, : 4" +6n — 1, Vn € N is a multiple of 9,
that’s to say Vn € IN , dk € IN /4" 4+6n —1 =9k

e Forn =0 we have: 3k =0€IN,14+0—1=0=9(0), P, is true.

e We suppose that: Vn € IN ; 3k € IN /4™ + 6n — 1 = 9k is true..

And we show that: Vn € IN, 376" € IN / 4"t 4 6(n + 1) — 1 = 9k'is true..

47 L 6(n+1)—1 = 44" 4+6n+6—1
= (9—5)4"+6n+5
= 9(4") — 5.4™ —5(6n) + 36n + 5
= —5(4" +6n—1)+9(4") + 36n
= —5(9k) 4 9(4") 4 9(4n)
= 9(—5k +4" +4n)
= Ok, suchask = —5k+4" +4n

\ Y,
e ; N
4 Solution 1.5.15
1. Let the proposition be P, < 471L+1 < 1'5’_[45"61?.2(2;)1) < \/331“, Vn > 2
1 _ 1x3 1 1 _3 1
WehaveP2©§<ﬁ<W<:>§<g<W
P is true.
We assume that P, is true for n > 2, and we show that P, is true
Then, we have:
1 2n + 1 - 1.35...2n—-1)(2n+ 1) < 1 2n+1
Van +12n+2 2.4.6...(2n)(2n + 2) ViIn+12n+2
We note by D; the following difference
D _ 1\’ 1 2n41)\?
Y \VBn+4 V3n+12n+2
We find that
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b o 1 1 (2n+1)\?
V7 o 3n+4 3nti\2nt2

(Bn+1)(2n +2)%2 — (3n +4)(2n + 1)?

(Bn+4)(3n+1)(2n + 2)2
= BaidGnsnEntr2?

Then
1 2n+1 1

<
ViIn+12n+2 V3n +4

And also we note by D5 the following difference

n>2=

D _ 1 2n41)\? 1)’
T \Vanri2n+2 Vin+5

We find that:
b _ ( 1 2n—|—1>2( 1 >2
> \VAnt+12n+2 Vin+5
 (An+5)(2n+1)2 — (4n+ 1)(2n + 2)?
(An+1)(4n+5)(2n +2)2

= ! >0
 (4n+1)(4n +5)(2n + 2)2

Then

1 1 2n+1

n>2= <
Vin+5  VAn+12n+2

We have thus proven that:

1 _135.2n-DEnt1) 1
VAn +5 2.4.6...(2n)(2n + 2) V3n—+4

Then P, is true.
So P, is true for n > 2.

. Let the proposition be

n
dn+3
P,L<:>Z\/E< o vn, Yn>1.
k=1
We notice that P, & 1 < %, then P; is true..
We assume that P, is true for n > 1, and we show that P, is true.

Then, we have:

n+1 n

4 3
D VE=Y VE+Vn+1< n6+ Vn+vn+1
k=1 k=1

We note by D; the following difference

4 4
D= ";7\/n+1—< ”(:“3\/5+\/n+1)
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We find that:

4 1 —— 4
D - ngr s ngrS

vn

R S S

dn+1 2y
6(vn+14++/n) 6
n+1-2y/nn+1)
6(vn+1++/n)
(T T = i)

6(vn—+1++/n)

Then,

n+1

S Vi< DS
k=1

Therefore, P,,41 is true hence P, is true for n > 1.

1.

g
gsolution 1.5.16

By the absurd we suppose that /2 is a rational i.e.,
Ja,beN,aAb=1/V2=%=2=19 =2 =d2
then 2 divides a, a is even dk € N : a = 2k, Thus

202 = 4k? & b? = 2k2
we deduce that b is also even or a, b are prime between them, contradiction, what we assumed at
the start is false, i.e.

V2¢Q

Let n € N by the absurd suppose that n? is even and n is odd, then 3k € Z such that:

n =2k +1 hence n® = 2(2k> +2k) +1 =2k + 1, k' = (2k* + 2k) € Z,

n? is odd contradiction because n? is even.

What we initially assumed is false i.e. ¥n € N,n? even = n is even.

)

N J
e N
4 Solution 1.5.17

We prove by absurd that: Vzr ¢ R*,3eN:xz <n.

Suppose that:

JzeRY,VeN:z>n.

So,n>x foralln € N

We consider the integer part F(z) of the number x

then,

E(z) <z < E(z) +1

Since 2z € R then E(z) € N, so E(z)+1€N

and since E(z) +1 > =

This is a contradiction with the fact that all natural numbers are smaller than x

So the assumption 3z € Rt, V€ N: z > n is false
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Hence, his negation is true.

| i.e. the statement Vo € Rt, 3 € N: z < n is true.

QSolution 1.5.18
1. Let us show that its contrapositive: n is odd = (n? — 1) is divisible by 8 is true
Let n be odd then 3k € IN such that n = 2k + 1 and therefore n? = 4k? + 4k + 1.
n? — 1 = 4k? + 4k = 4k(k + 1) it is enough to show that k(k + 1) is even.
Let us show that k(k + 1) is even, we have two cases:
e If £ is even then k + 1 is odd so the product of an even number and an odd number is even.

e If k is odd, then k + 1 is even so the product is even, it’s the same reasoning (you should know
that the product of two consecutive numbers is always even).

Thus k(k +1) is even 3k~ € IN / k(k+1) = 2k, hence n? — 1 = 4(2k’) = 8k .
n? — 1 is divisible by 8.

2. Let us show that its contrapositive: © # 0 = Je > 0, |z| > ¢ is true

Let x # 0, there exists ¢ = |L2\ > 0 such that |z| > ‘"s—l = ¢ because z # 0 hence the result.
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Chapter 2
Sets and Applications

2.1 Introduction

Set theory is one of the fundamental pillars of modern mathematics, as it provides a unified framework for
describing mathematical objects and their relationships. In addition, applications (functions) play a central
role in connecting different mathematical structures and expressing various mathematical phenomena. This
chapter introduces the basic notions of sets, operations on sets, Cartesian products, and mappings between sets.
Particular emphasis is placed on the study of injective, surjective, and bijective applications, which constitute
essential tools in algebra and many other areas of mathematics.

2.2 Sets

( )

Definition 2.2.1

A set is a collection of elements, for example {0,1}, N.

1. The empty set is a set containing no elements, denoted ().

2. We write x € E if  is an element of E, and x ¢ E otherwise.

2.2.1 Operations on Sets

p
WDeﬁnition 2.2.2 Inclusion F C F

| If every element of F is an element of E. In other words: Vo € F, x € E. F is called a subset of E (or a

part of E). )

s N
(/(Deﬁnition 2.2.3 Equality
u E=F&ECFandFCE. )
N
Definition 2.2.4 Set of subset of E
We denote by P(E) the Set of subset of E. For example, if E = {1,2,3}. Then,
P(E) = {0, E,{1},{2}, {3},{1,2},{1,3},{2,3} }.
If card(E) = n, then card(P(E)) = 2™. )
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Definition 2.2.5 Difference and Symmetric Difference
Let A and B be two subsets of a set E. We denote:

1. The difference of A and B as the set:

A\B={x€A, z¢B}

2. The symmetric difference of A and B as the set:

AAB = (AUB)\ (AN B).

( )

WDeﬁnition 2.2.6 Complement of a Set
Let A C E. Then, the complement of A in E is denoted Cg A, which is defined by:

CkA={zeE, z¢A}

It is also denoted E \ A or A€, or A.

Definition 2.2.7 Intersection and Union
1. The intersection of A and B, denoted A N B, is the set of elements belonging to both A and B.

2. The union of A and B, denoted A U B, is the set of elements belonging to either A or B.
Formally, we have:
ANB={z, (x€ A)A(z€ B)}.

AUB={z, (x€ AV (zreB)}.

W(Deﬁnition 2.2.8 Cartesian Product
The Cartesian product of sets A and B is the set of pairs (z;y) where x € A and y € B.

Ax B={(z,y), € Aandye B}

If card(A) = n, card(B) = m. Then, card(A x B) = nm.

( )

?Proposition 2.2.9
| Let A, B, C be subsets of E. Then,

1. ANB=BNA, AUB=BU A;

2. AN(BNC)=(AnB)NC, AU(BUC)=(AUB)UC;
3. AN0=0,ANA=A, AUD=A, AUA = A;

4. ANB=A& ACB,

5. AUB= B« AC B;

6. AN(BUC)=(ANB)U(ANCQC);

7. AUBNC)=(AUB)N(AUC);

8. Cr(CgA) = 4;

9. Ce(ANB)=CgAUCgB;
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L. 11. Ac B« CgB cCgA. J

:g Proof

8) Let € E. Then,
r€lp(Cpd) e 2 ¢lpA e e A

Thus, o
Co(Cpd) = 4 — A.
9) Let « € E. Then,
r€lp(ANB)ez2¢ (ANB) < (r¢ AV (r¢B) e (xr€lrpd) v (releB) e zec (CrpAulpB).
Thus,
EE<AﬂB) :CEAUCEB.

Similarly, we prove property (10).
11 ACB&VeeE((zr€A) = (xeB) ©VreE ((x¢ B)= (z ¢ A)) (Contrapositive of the
implication)

S Ve e R, (!E S CEB) = (LL' € BEA) - EEB - CEA,

thus

ACB@CEBCEEA.

2.3 Applications

P
%Deﬁnition 2.3.1

A mapping or a function f : E — F' is a relation that associates with each element x € E a unique
element of F' denoted f(x).

1. f and g are two mappings. f = g if and only if for all z € E, f(z) = g(x).
2. The graph of the mapping f : E — F' is the set denoted Gy defined by

Gr={(z,f(z)) e ExF |z eE}.

3. The composition of two mappings f and g such that f : E — F and g : F — G is the mapping
go f: E — G defined by:

(9o f)(x) = g(f(x))-

Example 2.3.2
Let f:]0,+1[—]0,+1[ and g :]0,+1[— R be defined as

and

respectively:
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2.8. Applications

&Note 2.3.3

The composition of two mappings is not always defined. For example, g o f is defined if the codomain of

f is the same as the domain of g.

2.3.1 Direct Image, Inverse Image

-

Definition 2.3.4
1. Let AC E, and f: E — F be a mapping, the direct image of A under f is the set

ie.,

ie.,

f(A) ={f(z)/z € A} C F,

ye f(A) & Iz e Ay=f(x).

2. Let BC F,and f: E — F be a mapping, the inverse image of B under f is the set

f71(B)={z € B/f(x) € B} C E,

re f7YB) e f(x) € B.

O/‘Example 2.3.5
Let

Then,

fR—=>R
x— f(z) =22

f({2}h) ={4}.
f([_173D = {f(a:)/x € [_173]} = [079]'

f([—l,()} U [113]) = [0;9]'

f {2 ={zeR / f@) e {2} ={-V2 v2}.

Algebra 1

Y. SOULA
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-
[\ Note 2.3.6
1. f(A) is a subset of F, f~1(B) is a subset of E.

2. The notation f~1(B) does not imply that f is bijective, the inverse image exists for any function.

3. The direct image of a singleton f({z}) = {f(x)} is a singleton, whereas the inverse image of a
singleton f~1({y}) depends on f, it can be a singleton, a set with multiple elements, or even E if

L f is a constant function. )

-
?Proposition 2.3.7
| Let f: E — F be a mapping, A, A’ subsets of E, and B, B’ subsets of F.

1. AC A = f(A) c f(A).

2. BCB' = f~YB)c f~Y(B).
3. f(ANA) C f(A) nf(A).

4. f(AUA) = f(A) UF(A).

5. fTH(BNB) = f(B)N f~1(B).
fFHUBUB) = fHB)UfH(B).
AC f7H(f(A)).

f(f~H(B)) c B.

g Proof

1) Suppose y € f(A). Then Jx € A such that y = f(x). Since

® N>

Ac A,z cA.
Then,
y € f(A).

Which implies
f(4) C f(4).

2) Let z € f~!(B). Then, f(z) € B. Since

BC B, f(x)e B

Hence
€ fH(B).

So,
FUB) C F7YB).

3) Suppose y € f(AN A’). Then, there exists
ze(AnA")

such that y = f(z). Since
zeAy=f(r) e f(A),

and similarly
xe A,

implies

ye f(A).
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Thus, )
ye flA)NfA).
So, )
fLANA) C f(A) N f(A).
4) Suppose
ye f(AUA),Jz e AUA,
such that
y = f().
If x € A, then y € f(A) and if
reA.
Then, )
yefla),

in both cases
y € f(A)Uf(4).
Hence,
JAUA) C F(AUF(A),
Conversely, if )
ye f(AUFA).
Then, if y € f(A) there exists z € A such that

y = f(x),
or if

ye f(A")
Then, there exists

xe A,

such that

y= f(x)a
in both cases

ye f(AuA).

Therefore, ,
f(A)Uf(A) C fF(AUA).

By mutual inclusion, we have equality.

5) Proven similarly to (3).

6) Proven similarly to (5).

7) Suppose € A. Let B = f(A). Then f(x) € B. So,

z € f7H(B) = fH(f(A)).

Hence A C f71(f(A)).
8) Suppose y € f(f~1(B)). Let A= f~1(B). Then y € f(A) implies

Jx e A, y= f(x).

Since,

reA=f1(B).
We have f(z) € B, thus y € B. Which implies

f(f71(B)) € B.
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WDeﬁnition 2.3.8 Antecedent
| 1. Let y € F, any element « € F such that f(x) =y is called an antecedent of y.

2. In terms of inverse image, the set of antecedents of y is f~1({y}).

2.3.2 Injection, surjection, bijection

( )

Definition 2.3.9
Let f: E — F be a function:

1. f is injective if every element of the codomain has at most one pre-image under f.

2. f is surjective if every element of the codomain has at least one pre-image under f.

3. f is bijective if every element of the codomain has exactly one pre-image under f.

J
This definition can be reformulated as
e N
Definition 2.3.10

1. f is injective if for every y € F', the equation f(z) = y has at most one solution in E.

2. f is surjective if for every y € F, the equation f(z) = y has at least one solution in E.

3. f is bijective if for every y € F, the equation f(z) =y has exactly one solution in E.

Alternatively, f is bijective if it is injective and surjective.

\ — J
e N

fProposition 2.3.11

| Let f: E — F be a function, the following statements are equivalent:
1. f is injective < Va1, zo € E, f(x1) = f(x2) = 1 = x9.

2. f is injective < Va1, 29 € E, 21 # 29 = f(21) # f(x2)

3. fis surjective & Vy € F; Jx € E, y = f(x).

4. f is surjective & f(E)=F

5. f is bijective <& Vy € F; oz € E, y = f(x). The symbol ! denotes uniqueness, i.e., there exists a

L unique solution for the equation f(z) =y. )

Example 2.3.12

Let the functions
f1 : N - R

v file) = —

14+2°

fQI Rt —=R
r = folz) = 2%

fgl R —)R+
r = f3(z) =22

Are the functions fi, fo, f3 injective, surjective, bijective?
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:g Proof

1)
f1 : N >R
1
— = )
o h@) 1+
1. ]
V s S N, = — = = = .
1, T2 fi(z1) = fi(z2) 152, 1t T1 = T2
So fi is injective.
2. ] 1
-y
VyeR, —=y=>z=—=.
y it
For example for y = 5, we get
—4
=—¢N.
T= ¢
So, f1 is not surjective. Therefore, f; is not bijective.
2)
fg . RT — R,
T = foz) = 22
1.
Vay,ze € RY, fo(w1) = folwe) = 2] = 23 = 01 = +a9 = 11 = 29,
(because 1,72 € RT). So fs is injective.
2.
Yy eR, 2*=y=2==+/.
If y > 0. Then, for
y €R™ Pz e RT.
Hence, f5 is not surjective.
Therefore, fo is not bijective.
3)
f3 R — RT
r o f3(z) =22
1.
Vo, 20 € R, f3(x1) = f3(z2) = 23 = 23 = 21 = Fao.
32,2 €R,24£ 2.
But 22 = (—2)2. So, f3 is not injective.
2.
Vy€R+,x2:y:>x::|:\/gj.
If y > 0. Then,
Vy € RT3z € R,y = f3(x).
Hence f3 is surjective.
Therefore, f3 is not bijective.
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%Proposition 2.3.13 )
Let f: F— Fand g: F — G, then
1. f injective and g injective = g o f injective,
2. f surjective and g surjective = g o f surjective,
3. go f injective = f injective,
L 4. go f surjective = g surjective. )

fg Proof

1. Let x1,2z9 € E. Then
z1 # 22 = f(21) # f(22),
because f is injective.
= 9(f(21)) # 9(f(22)),
because g is injective
= go f(z1) #go f(x2),

which shows that g o f is injective.

VzeG, Jr €E, z=gof(x).

It shows that g o f is surjective.

Vo, ze € B, f(z1) = f(22) = g(f(71)) =

Because g is a function.
= (g0 f)(x1) = (go f)(z2).
= T1 = T2.
Because g o f is injective, hence f is injective.
4. Let z € G. Then, g o f surjective
=3dz €E, gof(z)==z
= Jz e E, g(f(x)) ==

= Jy=f(x) €F, gy ==

Thus,
VzeGIyeF, gy =z

Which shows that g is surjective.

2.3.3 Inverse function

2. Let z € G. Since g is surjective, there exists y € F such that z = g(y). We have y € F and f is
surjective. Then, there exists © € E such that y = f(x). Hence z = g(f(z)) and we conclude that:

s N
fProposition 2.3.14

An application f: E — F is bijective if and only if there exists a unique function g : F — FE such that

ng:IdF and gof:IdE
We say that f is invertible and g, denoted f~1, is called the “inverse function” or “reciprocal function”
of f.
J
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:g Proof

1. Suppose there exists a function g : F — E such that fog =1dp and go f = Idg.
Let’s show that f is bijective.

(a) Let y € F. Since

f cg = IdF
Then,
fogly) =y.
Thus there exists
r=yg(y) €E,

such that f(x) =y, showing that f is surjective.
(b) Let z1,24 € E. Since go f = Idg. Then,

go f(x1) = 21,
and

go f(xa) = xa.
Hence,

f(1) = flx2) = g(f(21)) = g(f(22)).
Because g is a function.
= (g0 f)(z1) = (go f)(x2).
= X1 = T2,

showing that f is injective. From (1) and (2), we deduce that f is bijective.

2. Suppose f is bijective. Let’s construct the unique function g : F — FE, such that f o g = Idr and
go f=Idg.
Since f is bijective, then for every y € F, there exists a unique x € F such that y = f(x).
Thus, to every element y € F, we associate a unique element x € F, denoted by g(z), such that
f(x) = y. We define an application as follows:

g:F—F
y—gly) ==

Let’s show that
fog=Idp, and go f=Idg.

(a) Let y € F. Then g(y) = z, with f(z) =y. So,

fogly) = flgly) = f(z) =y.

Showing that:
f g = IdF

(b) Let € E. Then for y = f(x) we have g(y) = «. Thus,
go flx) =g(f(z)) = g(y) = z.

‘Which shows that:
go f=1Idg.

(c¢) Let’s show the uniqueness of g. Let g1 : F' — FE satisfying the two previous properties. Then,
for every y € F, there exists ¢ € F such that y = f(«). Thus

91(y) = 1(f(x)) = g1 0 f(2) = ldp(z) = g o f(z) = 9(f(x)) = 9(y),

which shows that g; = g.
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Q/“E){.a]frlple 2.3.15

[ : R —]0, 400 defined by
f(z) = exp(z) = €,
is bijective. its inverse function is g :]0, 40o[— R defined by g(y) = In(y). We indeed have

e =y vy €]0, +o0[, and In(e®) = z,Vz € R.

fProposition 2.3.16

W=

' Let f:+EF — Fand g: F — G be bijective applications. The function g o f is bijective and its inverse is:

(gof) ' =flog™ "

ﬁ Proof

According to proposition 2.5, there exists u : F' — E such that uo f =Idg and fou = Idp.
There, also exists v : G — F such that vo g =1Idr and gov = Idg.

Then (go f)o(uov)=go(fou)ov=goldrpov=gov=Idg.

Also, (uov)o(gof)=uo(vog)of=wuoldrof=uof=1Idg.

So g o f is bijective and its inverse is u o v.

Since u is the inverse of f and v is the inverse of g, then: wov = f~1og™!.

2.3.4 Extension and Restriction

-

,/‘fDeﬁnition 2.3.17

Let f: E — F be an application, let A C E; B C F such that f(A) C B. We call the restriction of f to
A as the starting set and B as the arrival set and we denote f|4 — B the application from A to B which
associates. This function has the same rule of calculation as f, only the domain and codomain change.

s N
[\Note 2.3.18

L | When we restrict only the domain (B = F), we use the notation f/4. )
s N
WDeﬁnition 2.3.19

L | Let f and g be functions, we say that f is an extension of g if g is a restriction of f. )

B/‘Example 2.3.20

1. Let f: R —Rand g: RT — RT, defined as:

x>—>f(m):x2

3

z s g(x) = 2%

That is, g is the restriction of f to RT,
g=f/r+ = R,
Note that g is increasing and bijective, but f is not.
2. Let g: R* - R and f: R — R, defined as:

sinx
v gle) = ——,
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sinx

1, ifz=0

The function f is an extension of g,

g=f/r

Moreover, we can show that f is continuous on R; and we say that f is the extension by continuity
of g.
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2.4 Exercises

-
? Exercise 2.4.1
Let A, B, C € P(E), proving the following:

1. AN(BNCQ) = (A\DB)U (A\O).
2. AcB& AUB=1B
3. AUB=ANnC&BCACC

-
D Exercise 2.4.2
Given A, B and C three parts of a set F,

1. Show that:
(b) (ANB)\C = A\(BUC).

2. Simplify:

(a) (AUB) N (CUA).

(b) (AnB)U(CNA).

|

p
? Exercise 2.4.3

1.V A, B e P(E), f(ANB) C f(A)n f(B).
2.V A, B € P(E), f(AUB) = f(A)U f(B).
3.V Ae P(F), f~1 (F\A) = ENf"}(A).

Let E, F two sets, f : E — F is an application, proving the following:

p
? Exercise 2.4.4

1. Describe the direct image of R by the exponential function

2. Find £([0, 1), f(R), f(J =1, 2[), f~! ({3}), par la fonction
f: x> 22, defined on R.

P
? Exercise 2.4.5

L | Let f: [1;+00][— [0; +-00[ is a function such that f(x) = 22 — 1 bijective?

-
? Exercise 2.4.6
Let E, F, G threesets, f : E - F,g: F >Gand h: G = F

bijectives.

Proving that is ho g o f is injective and if go f o h and f o ho g are surjectives. Then, f , g and h are

J/
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2.5 Solutions

3Solution 2.4.1
1. AN(BNC)=ANCg(BNC) = (AN CgB) U(A NCEC) = (ANB) U (AN\O).
(a) "é ”

Posing that A C B, we have B C (AU B), for z € AU B then « € A or « € B we have = € B,
therefore (AU B) C B, hence AU B = B.

(b) "¢ ki
Posing that AU B = B, because A C (AUB),ona A C B.

2. (a) "'=7
Posing that AUB = ANC; we have BC (AUB)=(ANC)CAC(AUB)=(ANnC)cC.

(b) "¢77
L Posing that BC ACC,AUB=A=ANC. )

~
o4 Solution 2.4.2
1. Let us show that:

(a) (ANB)UCEB = AU CgB.

Let + € (ANB)UCgB & x € (AN B) vz € CpB,
< (xe ANz e B)V(x ¢ B)
S (reAvae ¢ B)A(zx€BVz¢B)
s 2ze(AUulgB)Az e (B UEB)
s re(AUCgB)NE
s zxe AUCgB

Because E = CgB. U B and AU CgB is a subset of E.

(b) (ANB)\C = A\(BUC).
re(ANBNC < (reAnx ¢ B)N(z ¢ C)
srcAN(x¢ BArx ¢ C)
sreArze (CpBnleC)
sreAnz ¢ (BUC) (Laws of Morgan)
< re AN(BUCQ)

2. Let’s simplify
(a) (AuB)N(CU

(AUB)N(CUA) =

=

|
SN
DD:)D
= w
3=
DDDD
T aqaA
O DO D
CRCIG

I
-
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s ~

gSolution 2.4.3

1. Let y € f(AN B). There exists z € (AN B) such that y = f(x). Since x € A, we have y =
f(z) € f(A), and similarly, as € B, we have y € f(B). Therefore, y € f(A)N f(B), which implies
f(ANB) C f(A)N f(B).

2. ¢ 'C": Let y € f(AU B). There exists ¢ € AU B such that y = f(z). If x € A, then y € f(A). If
x € B and y € f(B), then in both cases y € f(A)U f(B), so f(AUB) C f(A)U f(B).

o '"D" Lety € f(A)U f(B). If y € f(A), there exists x € A such that y = f(z). Since =z €
A C (AU B), we have y € f(AU B). The same argument applies if y € f(B). Therefore,
J(A)UJ(B) C f(AUB).

By showing both inclusions, we have established the equality.

J.xe ffAF\A) & for)eF\Ae fa)¢Aesad fH A ecxecE\ f1(A).

QSolution 2.4.4 )
L | 1) exp(R) = R+, £([0,1]) = [0, 1], F(R) =R*, f(] —1,2) = [0,4[, f~1({3}) = {—V/3,V3}. )
1

p
5gsolution 2.4.5

1. fis injective because, for z,y € [1,+oc[, f(x) = f(y) implies 22 —1 = y? — 1, which leads to z = +y.
Since z,y € [1, +o0[, they have the same sign, so z = y.

2. f is surjective because, for y € [0, 400, we're looking for an element x € [1,+o0[ such that y =

L f(x) = 2% — 1. The real x = \/y + 1 works, so f is surjective. Therefore, f is bijective. )

p
ﬁSolution 2.4.6

We have the following implications:
1. g o f injective = f injective.

2. go f surjective = g surjective.
Suppose h o go f is injective and both go f o h and f o h o g are surjective.
Since (h o g) o f is injective, we have f is injective. And since f o (ho g) is surjective, we have f is
surjective.
Therefore, f is bijective, and we can introduce f~'.
By composition, hog= (hogo f)o f~! is injective, and therefore, g is injective.
On the other hand, g o f o h is surjective, and therefore, g is surjective as well. In the end, g is
bijective.
By composition, h = (hog)og~
is bijective.

N\ J

! is injective, and h = f~Y o (f o hog) o g~! is surjective. Thus, h
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Chapter 3.

Binary Relations on a Set

3.1 Introduction

Binary relations are fundamental mathematical tools used to describe connections and interactions between
elements of a set. They appear naturally in many areas of mathematics and play an essential role in the
study of algebraic structures and ordered systems. In this chapter, we introduce the basic concepts of binary
relations and investigate their principal properties such as reflexivity, symmetry, antisymmetry, and transitivity.
Particular attention is devoted to equivalence relations and order relations, together with their applications and
illustrative examples.

3.2 Binary Relations

Definition 3.2.1

A binary relation is defined as any proposition between two objects, which can be either true or false. We
denote it as xRy and read it as "z is related to y".

e/‘Example 3.2.2
1. The inequality "<" is a binary relation on N, Z, or R.

2. Parallelism "||" and orthogonality "L" are binary relations on the set of lines in a plane or space.

3. The inclusion "C" is a binary relation on P(F) or on E. The relation "greater than" on the set of
students is a binary relation.

ef/’/fDeﬁnition 3.2.3

Given a binary relation R between elements of a non-empty set F, we say that:

1. R is Reflexive
&S Vee B, xRx.

2. R is Transitive
< Vry;z € E, (2Ry) A (yRz) = (2Rz).

3. R is Symmetric
& Voyy e B, (2Ry) = (yRa).

4. R is Anti-Symmetric

e Vye B, (2Ry) A (yRz) = z=y.
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3.3 Equivalence Relation

,/‘(/lDeﬁnition 3.3.1

| We say that a binary relation R on a set E is an equivalence relation if it is Reflexive, Symmetric and
Transitive.

Let R be an equivalence relation on a set F.

P
WDeﬁnition 3.3.2

1. Two elements z and y € E are equivalent if zRy.

2. The equivalence class of an element x € E, denoted as z, is the set:

z={y € FE, xRy}.

3. x is called a representative of the equivalence class x.

4. The quotient set of E by the equivalence relation R, denoted as E/r, is the set of equivalence
classes of all elements of F.

5. z =y < 2Ry.

Example 3.3.3
In R, we define the relation R by:

Vo,y € R;aRy < 22 —1=19% - 1.
Show that R is an equivalence relation and give the quotient set R/x.
1. R is an equivalence relation.

(a) R is Reflexive, because
Ve eR, 22—-1=2%—-1= zRuz.

(b) R is Symmetric, because
Vo,y €R, a2Ry=2>—-1=¢>—1.

=>9y2—1=22—1

Since equality is symmetric
= yRz.

(¢) R is Transitive, because
Vasy;z € R, (aRy) A (yRz) = (22 —1 =192 —1).
yP-1=2%-1.
:>(:E271:z271),

because equality is Transitive.
= rRz.

From i), ii), and iii), we conclude that R is an equivalence relation.

2. Determine the quotient set R/x.

Let x € R. Then,
Vy €eR, zRyez?—1=1y>—1,

sa? -yt =0,

& (@ —y)(r+y) =0,
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Thus,
z={-x, z}.

Hence,
R/gr ={{-=z, z}, x € R}.

0/‘Example 3.3.4
Let R be a relation on Z defined by:

TRy < x+y is an even number.

a) Determine whether R is reflexive.
b) Determine whether R is symmetric.
c) Determine whether R is transitive.
d) Deduce the type of the relation R

e) Determine the equivalence class 0, 1.
Solution

a) Reflexivity

For any x € Z

T+ =22

which is even. Hence, x R x for all x
So, R is reflexive.

b) Symmetry

If x R y, then x + y is even. Since
ytx=z+y,

it follows that y R x. Therefore,

R is symmetric.

c) Transitivity

Assume

zRyandy R z. Then:

T+ y is even, and y + z is even.
Adding these two equalities:

(z +y)+ (y+2) =z + 2 + 2y which is even. Hence,
T + z is even, and therefore x R z
Thus,

R is transitive.

d) Conclusion

Since R is reflexive, symmetric, and transitive, it is an equivalence relation.
e)

Equivalence class of 0

0={z€Z|z+0iseven}

So,

0 = {all even integers}

Equivalence class of 1

Algebra 1 Y. SOULA 48



3.4. Order Relation CHAPTER 3. BINARY RELATIONS ON A SET

I={zeZ|x+1liseven} ={z € Z|xisodd}.

So,

1 = {all odd integers}.

s N
fProposition 3.3.5
Let R be an equivalence relation on a set £. Then, the equivalence classes form a partition of £, meaning

that every equivalence class is non-empty, the union of equivalence classes is equal to F, two equivalence
classes are either disjoint or identical,

Ve,ye E;zNy=¢, or x=y.

3.4 Order Relation

Definition 3.4.1

| An order relation on a set F is any binary relation that is Reflexive, Anti-Symmetric, and Transitive.
We say that (F;R) is an ordered set (by R) an order relation is often denoted as <.

0/‘Example 3.4.2

The relation "C" is an order relation on P(FE).
1. "C" is Reflexive, because VA € P(E), we have A C A.

2. "C" is Transitive, because
VA,B,C € P(E), (ACB)A(BCc(C)=AcCC.
3. "C" is Anti-Symmetric, because

VA,Be P(E), (ACB)AN(BCA)=A=B.

From (1), (2), and (3) we deduce that "C" is an order relation on E.

Q/“Example 3.4.3

| 1. The relations "<", ">" are order relations on R.

2. The relation "/" (divides) is an order relation on N.

3.4.1 Total or Partial Order

Definition 3.4.4
Let E be a set equipped with a relation of order X'. We say that R is a total order relation if

Ve, ye E, Ry or yXz.

Otherwise, we say that the order is partial, meaning that 3z,y € E; z is not related to y, and y is not

L related to x. )
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Example 3.4.5
1. The relations ">", "<" are total order relations on N; Z; Q; R.

2. The relation "/" (divides) is a partial order relation on N.

3. The relation "C" is a partial order relation on P(E).

3.4.2 Least Element, Greatest Element

r N
WDeﬁnition 3.4.6
Let (E, <) be an ordered set and A a subset of E.
1. We say that m € A is the least element of A (or a minimum) if:
Vee A, m<u.
2. We say that M € A is the greatest element of A (or a maximum) if:
Vee A, x< M.
\ J
r N
fProposition 3.4.7
[Uniqueness of the minimum and maximum] Let (E, <) be an ordered set and A a subset of E.
1. If A has a minimum, it is unique: we denote it min A.
2. If A has a maximum, it is unique: we denote it max A. )

c/‘Example 3.4.8

We define on Z, the order relation R as follows:
Vn,m € Z*,nRm < Jk € N* : m = kn.

1. The least element of Z* by R is 1

2. Z does not have a greatest element. Let A, B be subsets of Z* such that, A = {2, -6, —10, —14, —18, —20},
B = {7,6,2,3,—42} Determine the least element (min), the greatest element (max) of A; B by the
relation R if they exist.

3. min A =2.
4. max A =73.
5. min B = 3.
6. max B = —42.

3.4.3 Upper Bound, Lower Bound

( )

(//fDeﬁnition 3.4.9
Let (E, <) be an ordered set and A a subset of E.

1. We say that m € F is a lower bound of A if

Vee A, m<uzx.

We say that A is bounded below.
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We say that M € F is an upper bound of A if

Vee A, <M.

2. We say that A is bounded above.

3. We say that A is bounded if it is bounded below and above.

3.4.4 Infimum and Supremum

( )

Definition 3.4.10
Let (E, <) be an ordered set and A a subset of E.

1. If the set of lower bounds of A has a greatest element, we call it the infimum of A and denote it in f

A.

2. If the set of upper bounds of A has a least element, we call it the supremum of A and denote it sup

A.

- J

s N
fProposition 3.4.11
Let (E, <) be an ordered set and A a subset of E
1. If A has a minimum, then it has an infimum and min A =inf A.
2. If A has a maximum, then it has a supremum and max A = sup A. )
~
[N\ Note 3.4.12
The least element of A (min A), if it exists, is a lower bound of A, however, a lower bound of A may not
be the least element of A since it may not necessarily be in A. Similarly for the greatest element (max
A) and the upper bound. This remark expresses that the reverse implication in Proposition 3.4.11 is not
always true

J

0/‘Example 3.4.13
Let E ={1,qa,2,5,7}, consider (P(E), C) ordered, and let A be a subset of P(FE).
A={{a, 2},{2,5,7},{1,2,7},{a,2,5}} .
Then,
1. The lower bounds of A are: ¢ and {2}.
2. infA ={2}.
A does not have a least element, because infA ¢ A.
The only upper bound of A is: F ={1,a,2,5,7}.
supA = E.

A

A does not have a greatest element, because supA ¢ A.
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3.5 Exercises

s N
? Exercise 3.5.1
Let P* be the set of prime numbers strictly greater than 2.
We consider the relation R between two elements of P* defined as:
+
pRq < Z% € P*.
Is the relation R reflexive, symmetric, and transitive? )
N

p
? Exercise 3.5.2

Let R be a reflexive and transitive binary relation.
We define a relation S as:

Sy < xRy and yRzx.

Show that S is an equivalence relation and that R defines a partial order relation on the equivalence

L classes of S. )

e N
? Exercise 3.5.3
Let R be a relation defined on Z x N* as:
(a,b)R(a',b") < ab' = a'b.
1. Show that R is an equivalence relation.
L 2. Let (p,q) € Z x N*, with ged(p, ¢) = 1. Describe the equivalence class of (p, q). )
e 2
? Exercise 3.5.4
We define the relation R on R? by:
(@, 9)R(z y) & z+y=a +y
1. Show that R is an equivalence relation.
L 2. Find the equivalence class of the couple (0,0). )
e ; N
? Exercise 3.5.5
We define the relation 7 on R? by
(@,9)T (@ y) e le—2| <y —y.
1. Verify that T is an order relation. Is this order total?
L 2. Let (a,b) € R? represent the set {(z,y) € R?/(z,y)T (a,b)}. )

Algebra 1 Y. SOULA 52



3.6. Solutions CHAPTER 3. BINARY RELATIONS ON A SET

3.6 Solutions

-
gSolution 3.5.1
1. For all p € P*, % = p € P*, so pRp; hence, R is reflexive.

2. For all p,q € P*, pRq implies ij € P*, which in turn implies % € P*, so ¢Rp, making R
symmetric.

3. For all p,q,r € P*, if pRq and ¢Rr, then it follows that pQﬁ € P* and % € P*. However, we
cannot always deduce that p—;r e P*.
To illustrate, consider a counterexample in the form of a table. In this table, the first row contains

values of g, the first column contains values of p, and the values inside represent 2 Jqu:

PNg |3 |5 |7 [11]13]17
3 3 |4 |5 |7 [8 |10
5 L5 |6 [8 |9 |11
7 5 16 |7 |9 [10] 12
11 |7 [8 |9 |11 ]12]14
13 |8 |9 [10]12]13]15
17 |10 1112|1415 17

In this table, for example, 11R3 and 3R7, but 11 is not in relation with 7. The cited example in this
table is the only counterexample. To find more, you would need to create a larger table. Thus, R is not

L transitive. )

e N

fgSOIution 3.5.2

1. For all z, we have xRz, and xRz = SxSz, so S is reflexive. If xSy, then xRy and yRzx, which
implies ySz as well, making S symmetric. If Sy and ySz, then (zRy and yRz) and (yRz and
2zRy), which further leads to (zRy and yRz) and (2Ry and yRx), implying (zRz) and (2Rz) since
R is transitive. Thus, Sz, and § is transitive. Therefore, S is an equivalence relation.

2. We define a relation A on the set of equivalence classes of S as:
TAy < xRy

The relation A is well-defined, reflexive, and transitive. If Ay and yAz, then xRy and yRzx,
which is equivalent to xSy. Consequently, z = y. This is based on the properties of R as an
equivalence relation, implying zy < = = y. Therefore, A is antisymmetric. Consequently, A is

L indeed a well-defined order relation on the set of equivalence classes of S. )

~

p
gSolution 3.5.3
1. For all (a,b) € Z x N*: ab = ab = (a,b)R(a,b), so R is reflexive.

For all (a,b), (a/,b') € Z x N*: (a,b)R(d’,b') = ab/ = a’b = da’b=ab = (¢/,V')R(a,b); thus, R is
symmetric.

For all (a,b), (a’,b"), (a”, V") € Z x N*: (a,b)R(da’,V’) and (a’,b')R(a”,b"), we have:

ab =ad'b and
alb/l — al/bl

This leads to:

“Tb/ =ad where b # 0,
and

a/b// — a//b/ .

Multiplying both sides of the first equation by b, we get:
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ab'b’ = a"'V'b = ab'b”" = a"'b'b.
This implies:
ab” = a"’b.

Therefore, (a,b)R(a”,b"”). Thus, R is transitive, and consequently, R is an equivalence relation.

If (a,b) € (p,q), then ag = pb. This means that ¢ divides pb, and since p A ¢ = 1, by Gauss’s
theorem, ¢ divides b. Hence, there exists an integer d € Z such that b = dg. Substituting this into
aq = pb, we get adq = pdq where g # 0, so a = dp.

Therefore,

(nd) = {(dp.dg) | d € Z).

1.

P
fgSolution 3.5.4

R is an equivalence relation if and only if it is reflexive, symmetric and transitive
1)

a) R is reflective if and only if V(z,y) € R? : (z,y)R(z,y)

(z,y))R(z,y) & z+y=z+y

Hence R is reflexive.

b) R is symmetric if and only if V(z,y), (z',y) € R? : (z,y)R(z,y) = (z',y )R(z,y)
(@, )R y) e e+y=a +y =2 +y =z+y & (z,y)R(z,y)

Hence R is symmetric.

¢) R is transitive if and only if V(z, y), (ac/, y/)7 (ac”, y//) € R?: (x, y)R(x/, yl) A (x/,y/)R(x”, y”) =
(z,y)R(z ,y )
’ !’ 7 !’ 1" 1" x + y = x/ + y/
(@ y)R(@,y )A(z,y)R(@ y )& g A
Tty =x +vy
:x-‘_y:x” +y//
& (xR, y")
Hence R is transitive.

Thus R is an equivalence relation.

2)
Let’s find the equivalence class of the couple (0, 0).

—

(0,0) = {(z,y) € R?/ (2,1)R(0,0)}

= {(z,y) € R*/ z+y=0+0}

= {(z,y) e R?/ x4 y=0}

= {(z,y) e R*/ y=—x}

={(z,—x)/z € R}
§ y,
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P
gSolution 3.5.5

1. 7 is an order relation if and only if it is reflexive and antisymmetric and transitive.
a) T is reflexive if and only if V(z,y) € R?, (z,y)T (z,9)
(,y)T(x,y) & |z —z|<y—y=0<0
Hence T is reflexive.
b) T is anti-symmetric if and only if
V(w,y), (@' y) € R, (2, )T («',y) A (@ y) T(x,9) )= (z,y) = (@,y)
(@, )T y) A @ y) Ty = le—2|<y —yand |z —z|<y—y
= 2Jx — a:l\ <0
=lz—2]=0
=T = x/
=y —y>0and y—y >0
=y —y>0and y —y <0
=y —y=0 =y =y
Hence (z,y) = (x/, y/)7 then 7 is anti-symmetric.
c) 7 is transitive if and only if
V() (. y). (2" y7) € B2 (2, 0) T y) A (@) T ) )= (@) T .y )
()T y) A y) T y) )= e -2 <y —y and |’ —2"| <y —y'
= (y—y <e—z <y —yland (y —y <z’ -2 <y -y )

"

gy <z <y —y
=le—2"[<y -y
= (z, )T (x",y)

Hence T is transitive, then it is an order relation.

The order is not total because 3(z,y) = (1,7) and (z',y") = (3,7) such that if we
assumes that (z,y)7 (z',y') = |1 — 3| <7 — 7 = 0 which is absurd.
Moreover (2 ,y )T (z,y) = |3 —1] <7—7 =0 false

2. Let (a,b) € R2, let us determine the set {(z,y) € R?/(z,y)T (a,b)}.
(,y)T(a,b) & |z —al <b—y
S (@-a)P—-(y—0)><0
ele—a)+@-bllz—a) - (y—b) <0
Sl(x—a+y—0)>0A(z—a)—(y—>) <0]
Vz—a+y—b) <0A(z—a)—(y—>b) >0].
we put:
Dy : the closed half-plane of equations (x —y —a +b) > 0.
D5 : the open half-plane of equations (x +y —a — b) < 0.
D3 : the open half-plane of equations (x —y —a +b) < 0.
Dy : the closed half-plane of equations (z +y —a —b) > 0.
From where
(a,5) = {(z,9) € R?/(2,9)T(a,b)} = (D1 1 D3) U (D3 N Dy).
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Chapter 4.

Algebraic Structures

4.1 Introduction

Algebraic structures constitute one of the principal foundations of modern algebra and provide a unified
framework for studying mathematical systems equipped with operations satisfying specific properties. These
structures arise naturally in many branches of mathematics and have numerous applications in physics, computer
science, and engineering.

In this chapter, we introduce the fundamental notions of algebraic structures, particularlygroups, rings, and
fields, together with their basic properties and examples.

The objective of this chapter is to familiarize students with abstract algebraic reasoning and the study of
mathematical structures through axiomatic methods.

4.2 Internal Composition Law

Definition 4.2.1

An internal composition law (LCT) on a set E is any function *: E x E — E. A subset F' of E is said
to be "stable" with respect to the law if

Ve,y € F; xxy € F.

O/‘Example 4.2.2

1. N and U are internal composition laws on P(E).
2. The sum ” 4+ ” and the product ”-” are LCIs on N, N* Z. Q, R, but not on Z*, Q*, R*.
3. The difference ” — 7 on R, C.

4. The composition ” o ” of mappings defined on F' into F'.

Q/‘Example 4.2.3

Let
E={1, 2, 3},

and
F={{1,2}, {2,3}, {1,3}} C P(E).

F' is not stable with respect to the intersection N and the union U because:

3{1,2}, {2,3} e F, {1,2} n{2,3} = {2} ¢ F,

3{1,2},{2,3} € F, {1,2U{2,3} = {1,2,3} ¢ F,
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P
WDeﬁnition 4.2.4

Let x and A be two internal composition laws (LCI) on a set E, we say that:

1. It is commutative if:
Ve,y e E, xxy=yx*x.

2. It is associative if:
Ve, y € E, (z*xy)*xz=uxx*(yx*z).

3. Exists e € E is a left neutral element (respectively right neutral) of the law if
Vo € E;exx = x (respectivelyx x e = x).
If e is a neutral element both on the left and right of x we say that e is a neutral element of x.

4. Let e € E be a neutral element, we say that an element x € FE is invertible, or symmetric, on the
right (respectively on the left) if

Jx' € B, xx1’ = e (respectivelyxr’ xx = e).

We say «x is invertible (or symmetrical) if it is invertible on the right and on the left of x. and 2’ is
called an inverse (or a symmetric) on the right (respectively on the left) of .

5. x is distributive with respect to A if:

Ve,y,z€ Eyxx(yAz)=(zxy) A(xxz) and (yAz)xzx=(yxz) A (z*z).

6. We say that an element r € E is right-regular (respectively left-regular) of Soit if

Ve,y € E,xxr=yxr =2 =14.

(respectivelyNz,y € E;rxx =r*y = x =1y).

Q/‘Example 4.2.5

1. The sum and the product on N, Z, Q, R, C are associative and commutative, and have respective
neutral elements 0 and 1.

2. The difference is neither associative nor commutative on R.

3. The composition ” o ” is associative, but not commutative on mappings defined from F' into F' , it
has a neutral element, which is the application Idg.

4. The laws N, U, A on P(E) are associative and commutative. They have respective neutral elements

E, ¢, ¢.

( )

&Note 4.2.6

1. If x is an associative internal composition law on E that has a neutral element, then this neutral
element is unique

2. The neutral element e is invertible (or symmetrical) and its unique inverse (or symmetric) is e.

3. If the symmetric element 2’ of z exists, it is unique. It is generally denoted by z 1.

4.3 Groups
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P
WDeﬁnition 4.3.1

A group is a non-empty set G equipped with an internal composition law %, denoted (G, %) such that :
1. % is associative ;
2. x has a neutral element e.

3. every element of G is symmetrical (has a symmetrical) for *.

If it is commutative, we say that (G, ) is commutative, or abelian.

Example 4.3.2
1. Z, Q, R, C endowed with the sum are abelian groups.

2. Q*, R*, C* endowed with the product are abelian groups.

3. P(FE) endowed with A is an abelian group.

Q/‘Example 4.3.3

The following pairs are not groups.
1. (N, 4), (R, x), (Z, x).
2. (P(E),N), (P(E),U).

4.3.1 Subgroups

-
¢ Definition 4.3.4
A subgroup of a group (G, *) is a non-empty subset H of G such that:

1. * induces an internal composition law on H.

2. H equipped with this law is a group. In practice, to show that a non-empty subset H of G constitutes

L a subgroup, it suffices to verify one of the following propositions: )

( )

fProposition 4.3.5
Let (G,*) be a group and H C G then, H is a subgroup of
i) H#9,

G&e i) Vx,y € H, xxy¢€ H,(H is closed under x),
iii) Vo € H, z~ '€ H,(z~!is the inverse of z.)

( )

fProposition 4.3.6
Let (G,*) be a group and H C G. Then, H is a subgroup of

Ge{i)H#¢ ii)Vo,yc H, zxy 'eH

&Note 4.3.7

If e is the neutral element of a group (G,x), then every subgroup of G contains e and we deduce the
following property:
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fProposition 4.3.8
Let (G,*) be a group, e the neutral element of x and H a subset of G. Then, H is a subgroup of

Ge{i)eeH ii)Vo,ye H, xzxy'eH

Q/‘Example 4.3.9
1. Consider the group (C* , x ). Let

U={z€eC; |z|=1}.
Show that U is a subgroup of C*

2. Let n € N,
nZ = {np, p € Z},

is a subgroup of (Z,+).

e ; N
fg Solution
1. (a) |1|=1. Thus, 1 € U. Hence U # ¢.
(b) Let
—1 21 1 —1
legeU, |Zl><22| —| = :1:>21XZ2 eU.
z9 1
Therefore, (U ,x) is a subgroup of (C* , x ).
2. (a) We have 0 € nZ because
dp=0, nx0=0¢€ nZ
Thus nZ # ¢.
(b) For all
x,y € nZ, Ip1,p2 € Z,x = np1,y = npa.
Then,
T —y =np; —np2 = n(p1 — p2) = nh,
with
h=p —ps €Z.
L Therefore x — y € nZ. So, (nZ,+) is a subgroup of (Z,+). )
4.3.2 Group Homomorphisms
e N
WDeﬁnition 4.3.11
Let (G,*) and (G/, T') be two groups. A function f from G to G isa “group homomorphism” when:
Vo,y € G, flaxy)=f@)Tf(y)
e If G=G" and x =T, it is called an endomorphism.
e If f is bijective, it is called an isomorphism.
L e If f is a bijective endomorphism, it is called an automorphism. )

B/‘Example 4.3.12

1.  — 27 is an isomorphism from (R, +) to (R*, x).

2. & — 2z is an automorphism of (R, +).
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3. x — 3Inx is an isomorphism from (R7, x) to (R, +).

| 4. z — |z| is a homomorphism from (C*, x) to (R%, x).

Example 4.3.13

| Show that the composition of two group homomorphisms is a group homomorphism.

g
fProposition 4.3.14

Let e, €’ be the neutral elements of G and G’ respectively. Let f : G — G’ be a group homomorphism.

Then,
1. fle)=¢.
2. Vo € G; f(x7t) = (f(z))~! (7! is the inverse of z). )
e N
fProposition 4.3.15
Let f: (G;*) = (G';T) be a group homomorphism. Then,
1. The image of a subgroup of G under f is a subgroup of G'.
2. The inverse image of a subgroup of G’ under f is a subgroup of G. )

fg Proof

1. Let H be a subgroup of G and show that f(H) satisfies the two conditions of the subgroup charac-
terization.

(a) Since H is a subgroup of G, then e € H hence f(e) € f(H), therefore f(H) # ¢.

(b) Let 2',y" € f(H), then there exist zy € H such that 2’ = f(x) and 3y’ = f(y), thus according
to the second property. We have

2 T(y) ™ = f@) ()™ = f@)Tfy™") = flzxy™),
and since H is a subgroup of G then (z xy~!) € H. Hence
2 T(y) ™ = flaxy™") € f(H).
From i) and ii) we deduce that f(H) is a subgroup of G'.
2. Let H' be a subgroup of G’. Then,

(a) According to the first property f(e) = e’ and since H' is a subgroup of G’ then ¢’ € H'. Hence
ec [mHH).

(b) Letz,y € f~1(H'), then f(x), f(y) € H' and since H' is a subgroup of G’. Then f(z)T(f(y))~! €
H’ and from the second property we deduce that

flaxy™)=f@)Tfy™") = f@)T(f(y) " € H,

which shows that
(wxy™") € f7H(H).
From i) and ii) we deduce that f~'(H’) is a subgroup of G.
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4.3.3 The kernel and image of a homomorphism

( )

WDeﬁnition 4.3.16

Let f be a homomorphism from G to G’, e, ¢’ are the neutral elements of G, G’ respectively:

1. The kernel of f, denoted ker f, is the set defined by:
ker f = {2 € G, f(z) = ¢'} = [1().
2. The image of f, denoted Im f, is the set defined by:

Im f={f(2), z € G} = f(G).

-

g
fProposition 4.3.17

| As special cases of proposition 4.3.15. We have:
1. Im f is a subgroup of (G',T),

2. ker f is a subgroup of (G, *). The following result is much more interesting, as it greatly reduces
the work to show that a homomorphism is bijective.

J
e N
fProposition 4.3.18
Let f: (G,%) — (G',T) be a group homomorphism. Then,
1. f is injective if and only if ker f = {e}, (where e is the neutral element of G).
2. f is surjective if and only if Im f = G’. )
4.4 Ring Structure
e ~
,/‘(/lDeﬁnition 4.4.1
A set A equipped with two internal composition laws + and X is called a ring if:
1. (A, +) is an abelian group (the neutral element of + is denoted by 0 or 04).
2. X is associative and distributive with respect to +.
(a) If furthermore x is commutative, then (A, +, x) is called a commutative ring.
(b) If A has a neutral element for x, it is denoted by 1 or 14, and (A, +, x) is called a unitary
ring.
- J

c/‘Example 4.4.2
| The sets (Z,+, x), (Q,+, x), (R, +, x), (C,+, x) are unitary commutative rings.

Q/‘Example 4.4.3

Consider the quotient set of Z by the congruence relation modulo n, defined in example 4.4.2

Z/nZ=0,,1,,2,,....,,n— 1.

We define on this set the two internal composition laws "+" and "x" as:

Vp,q€Z/nZ: p+G=p+qand pxG=p X q,

where + and X are the addition and multiplication defined on Z respectively. It can be easily verified that
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for all n € N, the quotient set Z/nZ equipped with the two operations "+" and "x" forms a structure of
unitary commutative ring, where 0 and 1 are the neutral elements of "+" and "x" respectively.

4.4.1 Subring

Definition 4.4.4
Let (A,+, x) be a ring. A non-empty subset A’ of A is a subring of A when:

1. 14 € A,

2. the laws 4+ and X induce internal composition laws on A’, and with these laws, (4’,+, x) is a ring.)

Practically, to show that a non-empty subset A’ of A is a subring, it suffices to verify the following proposition:

( )

fProposition 4.4.5
Let (A,+, x) be a ring and A’ C A. Then, A’ is a subring of A
i)A #0
&< wWVr,ye A ix—ye A
ii)Ve,ye A :x xye A

4.4.2 Ring Homomorphisms

e N
(/'ZDeﬁnition 4.4.6
Let (A,+, x) and (B, ®,®) be two rings and f : A — B. We say that f is a ring homomorphism if:
Vo,y € A f(x+y) = f(z) ® f(y) and f(z x y) = f(z) ® f(y)
1. If A= B, we say that f is an endomorphism of the ring A.
2. If f is bijective, we say that f is an isomorphism of rings.
L 3. If f is bijective and A = B, we say that f is an automorphism of rings. )
/Example 4.4.7
| Let z — 7z is an automorphism of rings of C.
0/‘Example 4.4.8
| Show that the composition of two ring homomorphisms is a ring homomorphism.
4.4.3 Zero Divisors, Invertible Elements
e N
W(Deﬁnition 4.4.9
Let (A, +, x) be a commutative ring. If there exist in the ring A two elements a and b such that:
(axb=0)A(a#0Ab#D0).
! Then a and b are called zero divisors. )
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Definition 4.4.10

‘ We call a ring integral or complete, any ring that does not contain a zero divisor other than 0 itself, that
is:
ab=0&a=0o0rb=0.

0/‘Example 4.4.11
1. (Z,+, %), (Q,+, x), (R,+, x), (C,+, x), are integral rings.

2. The ring of matrices M, (k) equipped with the operations + (matrix addition) and x (matrix
multiplication) is not integral, because:

34 = (8 51> 4 (8 8) € My(R),

3B = (8 _03) # (8 8) € My (R).

But

Definition 4.4.12

| Let (A, +, x) be a commutative ring. We say that € A is invertible if it has a multiplicative inverse.

O/‘Example 4.4.13

| 1. In Z, the invertible elements are 1 and —1.

2. In the rings Q, R, C, all non-zero elements are invertible.

P
?Proposition 4.4.14

In a commutative ring (4, +, X):
1. 04 is never invertible.
2. If z is invertible, then it is not a zero divisor.
3. If 1, x5,y € A are integral, with y # 0 and =1y = x2y, then x1 = x5.
We say that "we can simplify" (which does not mean divide) by y # 0: x1y = z2y = (1 —22)y =0 =

| 2= 0 or y = 0 because A is integral = x; = x4, since y # 0. )

4.4.4 Ideals
Let (A,+, x) be a ring.

-
WDeﬁnition 4.4.15
A right (respectively left) ideal of the ring A is any subset I C A such that:

1. I is a subgroup of (4, +),
2. Ve e A,Vy €I,z xy €I (respectively y x x € I):

(a) If T is both a right and left ideal of A, we call I a "two-sided ideal" of A.

(b) If the ring A is commutative, every ideal of A is two-sided, and in this case, we only talk about
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L . ideals without specifying whether they are right, left, or two-sided. J

0/‘Example 4.4.16
| 1. Let (A, +, x) be a ring, then I = 0,4 is a two-sided ideal of A.

2. In the commutative ring (Z,+, X), nZ is an ideal.

s N
,/‘(/lDeﬁnition 4.4.17
We call principal ideal of a commutative ring (A4, +, x), any ideal I of A such that:
dre A, I =zA.
The ring A is said to be principal if all its ideals are principal. )

4.5 Fields

Definition 4.5.1

An associative ring with unity (k, +, x) is called a field if every nonzero element of k is invertible. If k is

commutative as well, we call k a commutative field. It is noteworthy that in practice, all fields used are
commutative.

O/‘Example 4.5.2
| (Q,+, %), (R,+, x), and (C,+, x) are fields.

fProposition 4.5.3

| Every field is an integral domain.

fg Proof

Let a € A and consider the ring homomorphism A — A, x — ax. Then this ring homomorphism is
injective, as its kernel is reduced to 04 since A is an integral domain.
Since A is finite, this homomorphism is necessarily bijective, and thus there exists x € A such that

axr = 14. By the commutativity of A, we also have xa = 14, and thus a has an inverse. Consequently, A
is a field.

4.5.1 Subfields

Ve

(Z/’Deﬁnition 4.5.4

A subfield of a field (k,+, x) is any subset k' of k such that, equipped with the restrictions of the
operations 4+ and X, it forms a field.

J

p

fProposition 4.5.5

k' C k is a subfield of (k,+, x) if and only if
1. kK # 0.

2. Vz,y €k, x —y €k’ and zy~! € k’. We also have the following characterization of fields.
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fProposition 4.5.6

Let (k,+, x) be a commutative ring with unity. Then k is a field if and only if the only ideals of k are O
and k itself.

B/‘Example 4.5.7
| (Z,+, x) is not a field because the only ideals in Z are Oy, nZ and Z.

Q/“Example 4.5.8

Consider the quotient ring (Z/nZ, +, x) defined in example 4.3.3 In this ring, we consider the cases n = 2,
3. 4.
For instance, let’s write down the multiplication tables for the three quotient sets Z2Z, Z/3Z, Z/4Z.

1. In Z/2Z = {0,1}, the table is:

<101
010
1101
2. In Z/37 = {0, 1,2}, the table is:
x 10112
01000
1]0[1]2
21021

3. In Z/4Z = {0, 1,2, 3}, the table is:

W N | O X
W D] = Of =
| O bl O 1o
= DN e O W

From these tables, we observe that all nonzero elements in Z/2Z and Z/3Z are invertible, thus
(Z)27,+, x) and (Z/3Z, +, x) are commutative fields. However, in Z/47Z, only elements 1 and 3 are
invertible, while 2 is not. Therefore, (Z/4Z, +, x) is not a field.

More generally, it can be shown that a necessary and sufficient condition for the ring (Z/nZ, +, x)
to be a field is that the natural number n is a prime number.
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4.6 Exercises

s N
? Exercise 4.6.1
We equip R with the internal composition law defined as:
Vo, y € RT txxy = /22 +12.
1. Show that * is commutative, associative, and has a neutral element.
L 2. Determine the symmetrizable elements. )
s N
? Exercise 4.6.2
Show that (G, *) is a group and specify whether it is abelian (commutative):
THY = M, on G =(-1,1).
1+zy
§ J
s N
? Exercise 4.6.3
Let be the set R* x R provided with internal law * such that
_ p
(a,b) x (o, B) = (ac, = + bar)
a
Show that (R* x R*) is a group, is it commutative? )
s N
? Exercise 4.6.4
Let be the set R} x R provided with internal law x such that
(a,0) (e, B) = (acx, a3 + b)
Show that (R} x R, %) is a group, is it commutative?
N\ J
s N
? Exercise 4.6.5
1. Determine if part H is a subgroup of group G.
(a) G =(Z,+); H = {even numbers}
(b) G = (Z,+); H= {odd numbers}.
2. Show that U = {z € C,|z| = 1} equipped with multiplication is a subgroup of (C*, x). )
s - N
? Exercise 4.6.6
Let (G, *) be a group. Demonstrate that the following are subgroups of G:
1. C(Q)={z € G:Vy € G,zy = yz}, C(G) is called the center of G.
2. aHa™! = {aha=': h € H} where a € G and H is a subgroup of G. )
s N
? Exercise 4.6.7
Are the following mappings homomorphisms of groups? If yes, calculate the kernel and the image, and
deduce if they are isomorphisms of groups or automorphisms of groups.
1. o: (R, x) > R*, %), p:x—a™, neN.
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L, 2. ¢ (R, x) = (C*, x), ¢ : t > e2mit, J

P
? Exercise 4.6.8

Let (G,+) be a commutative group. We denote End(G) as the set of endomorphisms of G on which we
define the operation + as:

f+g: G =G

z = f(z) +g(x).

Prove that (End(G),+,0) is a ring.

P
? Exercise 4.6.9

We denote the set of real numbers as follows:

A= {m+V6én|m,ne7Z}.

[t

. Show that (A, 4+, x) (set equipped with real addition and multiplication) is a subring of (R, +, x).

2. Consider the mapping ¢ from A to itself defined as:
©o(m + V6n) =m — V6n.

Show that ¢ is an automorphism of the ring (A, +, x) (i.e., it is a bijection and a homomorphism
for both operations).

3. For all z € A, define N(z) = zp(x). Show that N is a mapping from A to Z and it is a homomor-
phism for multiplication.

4. Show that z is an invertible element in A if and only if N(x) = £1.

5. Verify that 54 21/6 is invertible in A and find its inverse.

P
? Exercise 4.6.10
1. Let

G={zeR|z>0}

with the operation

TxY =12Y.

Prove that
a) (G,x) is a group.

b) Determine whether the group is abelian.

2. Consider the subset

H={6k|keZ}

a) Prove that (H,+) is a subgroup of (Z,+)
b) Determine all cosets of H in Z
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e N
? Exercise 4.6.11
Let
R={a+bV2|abe Z}
With the usual addition and multiplication.
a) Prove that (R,+, x) is a ring.
b) Is (R, +, x) commutative?
L c) Does (R, +, x) have a unity element? )

Algebra 1 Y. SOULA 68



4.7. Solutions

CHAPTER 4. ALGEBRAIC STRUCTURES

4.7 Solutions

1.

2.

p
fgSOIution 4.6.1

It is clear that x is commutative and associative, and accepts a neutral element e = 0,
xx0=+v22+02=z|==x, asz > 0.

Since x admits a neutral element, we look for symmetrizable elements if they exist. Suppose y is
the symmetric of x. Then,

Vo € RY; zxy=0= \/x2—|—y2:0:>332:_y2’

which is impossible. Thus, fly € R* such that 2 x y = 0. Therefore, no element of Rt* accepts a
symmetric element. The only symmetrizable element with respect to x is the neutral element e = 0
(the neutral element is symmetrical to itself).

N\ J
s ; N
gSolutlon 4.6.2
Txy = Y on G=]-1,1].
1+2y
1. According to the question, it’s not announced that  is an internal composition law on GG. Therefore,
we first verify that x is indeed a well-defined internal composition law on G, i.e., if z,y € G, then
xxy € G:
Let’s study the function defined on | — 1;1[ by f(¢) = % It’s differentiable on [—1;1], and its
1— 2
derivative satisfies f'(t) = ﬁ >0 on | —1;1[. Thus, f is strictly increasing on [—1;1].
Y
Since (-1 )
feny =S oy
(1-v)
and )
=830y
(1+y)
Then,
f(=1) <zxy= f(z) < f(1),
hence zxy € G.
2. The law is associative: for all
T+ y+z
2 € G ox(ynz) = v+ (y*z) Lys _ shytztayz
1+ z(y*z) 1+;p1y+yzz 1+o2y+z2z+yz
and a similar calculation yields the same result for (z xy) * 2.
3. e is a neutral element for the law, so for all x € G, z xe = x = x + e = x + xe?, which implies
e(1 —2%) =0, hence e = 0. Thus, it admits a neutral element e = 0.
4. Every element z € G is symmetrizable, and the symmetrical element is —z. Indeed, z x (—x) =
(—z) » x = 0. Moreover, the law is clearly abelian because for all z;y € G, x xy = fjmyy = yxx.
L Therefore, (G; ) is an abelian group. )
s ; N
gSOIutlon 4.6.3
1)
Let (al,bl), (ag, bg), (0,3, bg) ceR*x R
[(a1,b1) * (ag,b2)] * (a3, b3) = (a1a2, 2 + brag) * (as, bs)
= (alagag, a?iz + (%21 + blag)ag)
_ b baa,
= (alagag, alfl2 + 2713 + bla2a3)
Algebra 1 Y. SOULA 69



4.7. Solutions CHAPTER 4. ALGEBRAIC STRUCTURES

(a1,b1) * [(ag, b2) * (a3,b3)] = (a1,b1) * (azas, 2 + byas)

b3
22 +baas
= (ajaza3, 22 = + bragas)

= (ayaqas, ai’fw + 295 4 brasas)
Then, [(a1,b1) * (a2, b2)] * (a3,b3) = (a1,b1) * (a2, b2) * (a3, b3)].
therefore the law x is an associative
2)
(e, B) € R* x R,V¥(a,b) € R* xR : (a,b) * (o, 5) = (a,b)
(a,b) % (a, B) = (a,b) = (aa, £ 4+ ba) = (a,b)

ao=aq
={ A
ngboz b

= N

Then e = (1,0) is a neutral element in (R* x R,x)
3) V(a,b) e R* xR, I?(er, B) € R* x R : (a,b) * (o, B) = (1,0)
(a,b) (@, 8) = (1,0) = (aa, § +ba) = (1,0)

a

acx =1
=
+ba=0
1
a

«
={ A
B=-b

Then (R* x R,%) is a group.
4) % is not commutative because:
3(1,3),(2,0) e R* xR : (1,3) x(2,0) # (2,0) x (1, 3).

e
4 Solution 4.6.4
1)
Let (al,bl), (a2, bg), ((137 bg) S Rj_ x R
[(a1,b1) * (az,b2)] x (a3, bs) = (a1a2,a1bz + b1) x (a3, bs)
:(a1a2a3, a1a2b3 + a1b2 + bl)
and
(al, bl) * [(ag, bg) * (CL3, b3)] = (al, bl) * ((120,37 a2b3 + bg)
= (alazag, Cll(a,zbg + b2) + bl)
= (alagag, (11(121)3 + albg + bl)
Then, [(a1,b1) * (a2, b2)] * (a3, bs) = (a1,b1) * [(az, b2) * (a3, b3)].
therefore the law * is an associative.
2)
I(a, B) € RY x R,V(a,b) € RY. xR : (a,b) x (a, B) = (a,b)
(a,b) * (o, B) = (a,b) = (aa,aB +b) = (a,b)
a = a
= N
af+b="»b

a=4=1
= A\
B+b=b

a=1
=
=0

@™ > 0
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Then e = (1,0) is a neutral element in (RY x R,x).
3) V(a,b) e R* xR, F?(er, B) e R* xR : (a,b) * (o, B) = (1,0)
(a.b) % (0. 8) = (1,0) = (ac,aB +b) = (1,0)
ac =1
={ A
aB+b=0
o=t
= N
af +b=
o=
= A
5o
Then (Ri x R,%) is a group.
4) * is not commutative because:
§ 3(1,-3),(2,0) e R* x R : (1,-3) % (2,0) # (2,0) % (1, —3). )
N

p
ngution 4.6.5
1. (a)

therefore —x € H, z +y € H

(b)
0 ¢ H, and therefore H is not a subgroup of G.

2. |z|=1thenleU=U#2¢

H is a subgroup of G. Indeed, 0 € H, if z,y € H, then —z and x + y are two even integers and

The subgroup characterization theorem tells us that H is a subgroup of G.

Let’s z1, 22 € U and therefore |z1] =1 and |23| =1
2125 | = |*| = H =1
then 212, ' € U
L So, (U, x) is a subgroup of (C*, x ) )
BSOIution 4.6.6 )
(a) Let e be the neutral element of G; we have:
VyeG; exy=ye=ecy=y.
So e € C(G); hence C(G) # 0.
(b) Let 21,22 € C(G). Then, for all y € G,
(T122)y = 21(22y) = 21 (y22) = (T1Y)72 = Y(T122).
Thus, z122 € C(G).
(c) Let x € C(G). Then, for all y € G, zy = yx. Multiplying by 2! on the right, we get:
xya:_l = yxx_1 = :ny_l =1,
and similarly, multiplying by 2! on the left, we get:
s layr Tt =z ly = gyt = a7y,
which implies 71 € C(G). Thus, we conclude that C(G) is a subgroup of G.
(4) Since H is a subgroup of G, e € H, and thus aea™! € G. But aea™! =e, so e € aHa™?
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(b) Let 2 = aha™! and y = ahh’a~' be two elements of aHa~! with h; h’ € H. Then,
xy = aha tahh'a™! = ahh'a™' € aHa™".
Since hh/ € H (as H is a subgroup of G). Finally, we have

z7! = (aha )P =ahla! € aHa ™.

Since h~! € H. Hence, aHa ™! is indeed a subgroup of G.

p
fgSOIution 4.6.7
1. For all

n,n

T,y €RY, gz xy) = (zy)" = 2"y" = o(x)p(y).

So, it’s a homomorphism.
ker p = {z e R* : 2" =1}.

Im p ={z" : 2 e R*}.
We characterize two cases:

e If n is even:
ker ¢ = {1,—-1}, Im p=R*"*.

o Ifnis odd:
ker p = {1}, Im ¢ =R".

So, ¢ is an isomorphism of groups if n is odd (in this case, ¢ is bijective), also, as ¢ : R* — R*,
then ¢ is a bijective endomorphism and therefore an automorphism of groups if n is odd. (If n is
even,  is not injective and not surjective.)

2. For all o , ,
t,t/ c R, <p(t + t/) — 627rz(t+t ) — eQTmteQﬂ'm‘, — @(t) % @(t/).

So, it’s a homomorphism.
Since 2™ = 1 if and only if t € Z. Then,

ker ¢ = Z.
Thus ¢ is not injective. Also,

Imp={e""" teR} ={2€C:|z|=1}.

So ¢ is not surjective. Therefore, ¢ is not an isomorphism.

P
ngution 4.6.8

First, notice that (+) and (o) are indeed internal composition laws on End(G).

1. (End(G),+) is a commutative group. Indeed, the law (+) is associative, the function 0g : G — G;
g — 0 is a neutral element for (4), and every element f € End(G) has an inverse —f : G — G;

x = —f(x).
2. The law is associative.

3. The law (o) is distributive with respect to (4). For all f,g,h € End(G) and all z € G,

(f +9)oh)(x) = (f + 9)(h(x)) = f(h(z)) + g(h(x)) = (f o h+ g o h)(x).

Thus, (End(G);+;0) forms a ring.
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p
gSolution 4.6.9
1. We have 0+ 0v6 =0 € A, so A # ¢. Let m,n,m’',n’ € Z;

(m +nv6) — (m' +n'vV6) = (m —m') + (n —n')V6 € A.
(m +nV6)(m' +n'V6) = (mm’ + 6nn’) + (mn’ +nm’)V6 € A.

2. Forall a € A, p(p(a)) = a, so ¢ is a bijection since every element a of A has ¢(a) as its antecedent.
Now, let’s show that ¢ is a homomorphism for addition and multiplication:

o((m +nV6) + (m' +1'V6)) = o((m+m')+ (n+n)V6),

= (m+m) = (n+n")V6,

— (- nVB) + (m — V),

= p(m+nv6) + p(m’ +n'V6).
o((mm/ 4+ 6nn’) + (mn' + nm’)V6),
(mm/ + 6nn’) — (mn/ + nm’)V6,
(m — nVB)(m — V),
= @(m+nv6) x p(m’ +n'V6).

p((m +nV6)(m' +n'V/6))

3. Let a=m+nV6 € A,

N(a) = ap(a),
= m+nvV6p(m +nVo),
= (m+nV6)(m —nV6),
= m?—6n2

So, N is a function from A to Z. For a,a’ € A, N(ad') = ad’p(ad’) = aa’p(a)p(a’) = ap(a)a
N(a)N(a'), hence N is a homomorphism.

=

If N(z) = zp(x) = 1. Then, ¢(z) is an inverse of z. If N(x) = zp(x) = —1. Then, —p(z) is an
inverse of x.
Let  be an invertible element of A, then Jy, xy = 1. Since N is a homomorphism, N (z)N(y) = 1;

but N(z) and N(y) are integers, the only invertible elements of Z under multiplication are —1 and
+1.

5. N(5+2v6) =25 — 24 = 1. So the inverse of 5 + 21/6 is 5 — 21/6.

QSOIution 4.6.10

1. a) Group axioms
Closure:
If x,y >0 then zy >0,s0 zxy € G
Associativity:
Multiplication of real numbers is associative:
(xxy)*z=2(yz) = (xy)z = % (y * 2).
Identity element:
The identity is
e =1, since
rzxl=1%xz =1z = z.

Inverse:

For x > 0, the inverse is
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z7l = l
x
Thus,
(G, ) is a group.
b) Commutativity
Since
Ty = yx

for all real numbers, the group is abelian.
2. a) H is subgroup of Z if
i) 0=6-0€ Hso H+# ¢
i) I
6k, 6m € H then
6k —6m =6(k—m) e H
Thus,
H is a subgroup of Z
b)
Determine all cosets of H in Z
For any integer a € Z, the coset of H determined by a is
a+H={a+6k|kecZ}.

Two integers a and b define the same coset if and only if

a =b (mod 6).

Thus, there are exactly six distinct cosets, corresponding to the remainders modulo 6:

0+H={6k|ke 2},

1+ H={6k+1|keZ},

2+ H={6k+2|keZ},

3+H={6k+3|keZ}

A+ H={6k+4|ke Z},

5+H={6k+5]|keZ}.

-
fQSOIution 4.6.11

a) Ring axioms

Closed under addition and multiplication.

Addition is associative and commutative.
Additive identity:
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0=0+0v2

Additive inverse:

—(a+bv2) =—a —bV2
Multiplication is associative.
Distributive laws hold.

Hence,

R is a ring.

b) Commutativity
Multiplication is commutative since
(a+bv2)(c+dv2) = (c+ dv2)(a + bV?2).
c) Unity

The unity element is

1=1+0V2.

Algebra 1

Y. SOULA
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Chapter 5.

Polynomial Rings

5.1 Introduction

Polynomial rings play a central role in algebra and provide an important bridge between abstract algebraic
structures and computational techniques. They extend the notion of numbers and allow algebraic expressions
to be manipulated in a structured and rigorous way. In this chapter, we introduce the concept of polynomials
over a ring, together with their fundamental properties, operations, and key results. Special attention is given
to the structure of polynomial rings and their importance in solving algebraic equations and studying algebraic
systems.

5.2 Polynomials, Degree, and Construction of Polynomial Rings

( )

Definition 5.2.1

A polynomial in one variable with coefficients in A is defined as any sequence

P = (an)nENa

of elements of A all of which are zero from a certain rank onwards. Polynomials are equipped with the
usual operations of addition and multiplication of polynomials.

J/

Let
P = (an)n€N7 Q = (bn)nENa

be two polynomials in one variable with coefficients in A. Then:
P+ Q = (an + bn)neN-

PQ = (C7L)'ILEN7 where ¢, = § arby_g.
0<k<n

It can be verified that the product of two polynomials is indeed a polynomial.
Let X = (0,1,0,0,...,0), X° = (1,0,0,...,0), then it can be shown that X* = (0,0, ...,0,1,0,...) where the 1 is
located at the i-th position,

XzX] — X’H‘j.

Thus any polynomial P = (ay)nen in one variable with coefficients in A can be written in the form:

pP= ZaiXi = (ag, a1,..., an, 0, ...).

Constant polynomials are those of the form P = (a, 0, 0, ...), in this case, we simply denote P = a.
The degree of P, denoted deg(P), is the largest integer n such that a,, # 0. By convention deg(0) = —oo.
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Definition 5.2.2

| The set of polynomials in one variable with coefficients in A equipped with the addition and multiplication

defined above is a ring. It is denoted by A[X], called the ring of polynomials. )

Definition 5.2.3

A polynomial P is said to be monic if its leading coefficient, i.e., the coeflicient of the highest degree term,

is 1 to 1.
is equal to )

-
fProposition 5.2.4
‘ If A is an integral domain, then for any P; @ € A[X]; we have

deg(PQ) = deg(P) + deg(Q).

- J

fg Proof

Let n = deg(P) and m = deg(Q). Let P =Y, ya; X" and Q = >, b; X" where a;, bi € A.
Then, the coefficient of the leading term of PQ is a,b,,. Since a,, # 0 and b,,, # 0, and A is an integral
domain, a,b,, # 0. This implies deg(PQ) = n + m.

fProposition 5.2.5
‘ If A is an integral domain, then for any P; Q € A[X]; we have

deg(P + Q) < max(deg(P),deg(Q)).

:gProof
Let deg(P) =n, deg(Q) = m.
Then we can write

P(z) = apxy + - + ag,

with
an # 0
and
Q(J?) = bmxm + -+ b07
with
b # 0
Set

d = max(n,m).

When adding the two polynomials, the highest possible degree in P(z) + Q(z) is d
However, it may happen that the leading terms cancel each other.
For example,

2 (1) =1,

In this case, the degree decreases.
Therefore, the degree of P(z) + Q(z) cannot exceed d
Hence,

deg(P + Q) < max(deg(P), deg(Q)).

This completes the proof.
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5.3 Polynomial Arithmetic

To simplify the statements, we will henceforth work over a field k; where k denotes one of the fields Q, R, or C.

5.3.1 Euclidean Division

Definition 5.3.1

Let A, B € k[X], we say that B divides A if there exists Q € k[X] such that A = BQ. We denote this
as B\ A. We also say that A is a multiple of B or that A is divisible by B.

J

P
fTheorem 5.3.2 Euclidean Division of Polynomials

Let A, B € k[X], with B # 0, then there exists a unique polynomial @ and there exists a unique
polynomial R such that:

A=BQ+R and deg R < deg B.

Q is called the quotient and R the remainder and this expression is "the Euclidean division" of A by B.
Note that the condition deg R < deg B means R = 0 or 0 < deg R < deg B. Also R = 0 if and only if
B\ A.

& J

Example 5.3.3
Perform the Euclidean division of A by B such that:

A=2*+22* -3 and B=2"—-4.
We perform polynomial division similar to the Euclidean division of two integers

Then the quotient Q = = + 2; and the remainder R = 4x + 5.

So: A=a2%+22% -3 = (2> —-4) (x+2)+ (4o +5) = BQ + R.

/Example 5.3.4
Divide

by
Using long division:
Thus: Quotient:

Remainder:
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5.3.2 Greatest Common Divisor "gcd"

fProposition 5.3.5

Let A, B € k[X], with A # 0 or B # 0. There exists a unique monic polynomial of highest degree that
divides both A and B. This unique polynomial is called the ged (greatest common divisor) of A and B
which is denoted gcd(A, B).

Euclidean Algorithm

Let A and B be polynomials, B # 0. We compute successive Euclidean divisions,

A=BQi+ Ry deg Ry < deg B
B=RiQ2+ Ry deg Ry < deg R

Ry = R2Q3 + Rs deg R3 < deg Ro

Ry_9 = Rp_1Qk + Ry deg Ry, < deg Ry_1
Ry = RpQr1

The degree of the remainder decreases with each division. We stop the algorithm when the remainder is zero.
The ged is the last non-zero remainder Ry.

Q/‘Example 5.3.6
Determine the ged(A, B), where

A= +3z* + 2> + 22 + 3z + 1,

B=z*+234+1+2,
43ttt 43+ 1=+ 28 e+ 2) e+ )+t b+ L

Then,
rt 420 + x4+ 2= (-2 - 1)(~2 - 2).

So the

ged(A, B) = 2° + 1.

0/‘Example 5.3.7
Find the ged of P(x) = 22 — 1 and Q(x) = 2% + z. Factorization gives:

Pr) = (z—1)(z+1),

Q(x) = a(x +1).

Hence,

gcd(P,Q) =z + 1.

Definition 5.3.8
| Let A, B € k[X. We say that A and B are coprime if gcd(A, B) = 1.

5.3.3 Bézout Identity

WDeﬁnition 5.3.9

If D(z) =ged (P(x),Q(x)), then there exist polynomials A(z), B(x) such that:
A(x)P(x) + B(z)Q(x) = D(z).
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5.3.4 Least Common Multiple

fProposition 5.3.10

Let A, B € k[X] be non-zero polynomials, then there exists a unique monic polynomial M of least degree
such that AN M and B\ M. This unique polynomial is called the lem (least common multiple) of A and
B denoted lem(A, B).

5.3.5 Relation Between gcd and [cm

fTheorem 5.3.11

* For nonzero polynomials P(z) and Q(x),

P(2)Q(z) = ged(P(x), Q(x)).lem(P(z), Q(x))

B/‘Example 5.3.12

Let
P(z) = o(x + 1),
Q) =(z+1)(z+2).
Then
ged(P,Q) =x + 1
and
lem(P,Q) = z(x + 1)(x + 2).
So,

P(x)Q(x)

z(z 4+ 1)*(z 4+ 2) = ged(P(x), Q(z)).lem(P(x), Q(x)).

5.4 Cancellation Law

Ve

fTheorem 5.4.1

Let P(z),Q(x), R(z) € R[z], with P(z) # 0.
If
P(z)Q(z) = P(x)R(z),
then
| Q) = R) )

g Proof
Subtract both sides:

Since

R[z] has no zero divisors (when R is an integral domain), we get

Q(z) — R(z) =0.
Hence
Q(z) = R(z)
Algebra 1 Y. SOULA
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5.5 Remainder Theorem

fTheorem 5.5.1

|/ Let P(z) € Alz] and a € A.
The remainder of the division of P(z) by z — a is P(a)

B/‘Example 5.5.2
For
P(x)=2%-2zx+1
divide by
z—1
We compute:
Pl)=1-24+1=0.

Hence the remainder is P(1) = 0.

5.6 Factor Theorem

fTheorem 5.6.1
Let P(x) € Alz] and a € A. Then

Pla)=0< (z—a)| P(x)

e/‘Example 5.6.2
Consider P(z) = 2? — 1.
Since P(1) =0, then « — 1 divides P(z) Indeed,

2?2 —1=(z—1)(z+1).

5.7 Uniqueness of Euclidean Division

g
fTheorem 5.7.1

The quotient and remainder in Euclidean division are unique.

P=DQ:+ Ry
P =DQs+ Ry
with
deg(R1),deg(Rz) < deg(D),
then
L Q1=Q2, R1=Rs )
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5.8 Euclidean Algorithm

fTheorem 5.8.1

| The ged of two polynomials can be computed using successive Euclidean divisions.

e/‘Example 5.8.2
Find the ged of P(x) = 2% — x, Q(z) = 2% - 1.
Using Euclidean division:
23—z =a(@®—-1)+0.

Hence,
ged(P,Q) = 2% — 1.

5.9 Irreducible Polynomials

,/Kf Definition 5.9.1

A nonconstant polynomial P(x) € A[z] is called irreducible if it cannot be written as a product of two
nonconstant polynomials

0/‘Example 5.9.2
Consider the polynomial
P(z) =241

We study whether this polynomial is reducible or irreducible.

1) Over the field R
We solve the equation

This gives

Since there is no real number whose square is equal to —1, the polynomial has no real roots.
Therefore,

P(z) cannot be factored into linear polynomials over R

Hence,

22 + 1 is irreducible over R

2) Over the field C
In the complex numbers, we have i2 = —1.

Thus, the equation
2> +1=0
has the roots x = ¢ and x = —i. Therefore,

224+ 1=(x—i)(x+19)

Hence, the polynomial is reducible over C Conclusion The polynomial z? + 1 is:irreducible over R,
reducible over
C This shows that irreducibility depends on the field considered.
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5.10 Units in A|x]

fTheorem 5.10.1

| The invertible elements (units) in A[z] are exactly the nonzero constant polynomials
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5.11 Exercises

s N
? Exercise 5.11.1
Perform the Euclidean division of A by B.
1. A=a® —72* — 22— 92 +9, B=2? -5z +4.
2. A=23+22-22+1,B=2?+22+1. )
s ~
? Exercise 5.11.2
Determine the GCD and LCM of the following polynomials.
1. P(z) =2* - 323+ 22 + 4 and Q(x) = 23 — 322 + 32 — 2.
2. P(z) =a% —2* +22° — 202 + 20 — 1 and Q(v) = 2° — 2* + 222 — 22 + 1.
L 3. P(x) =2" —1and Q(z) = (x —1)", where n > 1. )
s N
? Exercise 5.11.3
1. Factorize the polynomial (2% — z + 1)? + 1 in R[X].
2. Factorize the polynomial P(z) = 2% + 2% + 23 + 1 in C[X]. )
s N
? Exercise 5.11.4
Consider the polynomial
P(x) = 2* — 623 + 927 + 9.
1. Factorize z* — 623 4 922 into irreducible factors in R[X].
L 2. Deduce a factorization of P into irreducible factors in C[X], and then in R[X]. )
N

P
? Exercise 5.11.5

Consider the two polynomials:
P(z) = 2® — 922 + 262 — 24,

Q(x) = 2® — T2 + Tz + 15.

Factorize these two polynomials into irreducible factors in R[X], knowing that they have a common root. )

e N
? Exercise 5.11.6
Determine the rest of the Euclidean division of the polynomial.
P = (X +1)%+ 4 xn+2,
by
L Q=X*+X+1. )
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5.12 Solutions

( . \
4 Solution 5.11.1
125 —72% — 22 — 92 + 9 = (2% — 5o + 4) (23 — 222 — 142 — 63) — 268z + 261.
2. 23422 -2z +1=@*+22+ D)z —1)—z+2. )
<

p
gsolution 5.11.2

We apply the Euclidean algorithm. The last non-zero remainder gives the greatest common divisor (ged)
of the two polynomials. We have successively:

1. P(z) =a2* =323 + 22 + 4 = (23 — 322 + 32 — 2)z + (—22° + 20 + 4).

Q(r)=2%-322 + 30 —2=(—222+22 +4)(;1:c +1)+ (32 —6).

222 +2x+4= Bz —6)(z2— =) =3(z—-2)(5z — ).
So the ged(P, Q) = = — 2.
2. We repeat the same process:

P(r)=a° —2* +22° — 227 + 22 — 1 = (2° — 2* + 222 — 220 + 1)1 + (22° — 4da® + 4o — 2).

1 1
Q(x):x5—x4+2x2—2x+1:(23:3—4x2+4x—2)(§x2+§x)+x2—x—l—l.

223 —da® +4x — 2= (2 — 2+ 1)(22 — 2) +0.
So the ged(P,Q) = 2% —z + 1.

3. The non-constant divisors of @ are polynomials of the form ¢(z —1)?, with 1 < p < n. Among these
divisors, only those of the form c(z — 1) also divide P (for example, because 1 is a simple root of P
and not a double root, or because we know how to decompose P into irreducible factors...). Thus,

L the ged(P,Q) =z — 1. )

-
Engution 5.11.3
1. We begin by factoring the polynomial in C[X], noticing that it is a difference of two squares:

(@ —z+1)2+1 = (P—2+1)2 - =@*—2+1-9)(2® —z+1+1),
(x+i)(x—1—19)(z—1)(x—1+1),
(? + 1) (2 — 22+ 2).

We then factor each of the degree 2 polynomials in C, for example by calculating their discriminant
or by noticing that i (resp. —i) are obvious roots. We find:

(@ —2+ 1)+ 1=(x+i)(z—1—i)(x—i)(z—1+19).
By grouping the conjugate terms, we finally find:
(2 —z+ 1)+ 1= (2 +1)(2* — 22 +2).
This is the decomposition in R[X].
2. We'll begin by decomposing Q(z) = 23 + 2% + x + 1, where —1 is an obvious root. We deduce:
QX)=(2®+1)(z+1) = (x4 1)(x —i)(z +1).

Since P(z) = Q(z®), we now need to find the 3" roots of 1, 4, and —i. This gives us:

§ Pz)=(@+1)(z—eT)a—eF)z—cT)a—e 6 )z—c)(z—ec2)(z—e6)(z—eT). )
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P
gSolution 5.11.4

1. We simply write:
ot — 623 + 927 = 22(2? — 62+ 9) = 2%(z — 3)%

t =62 + 922 +9 = (x(x—3))% — (3%,
= (z(x—3)—3i)(x(z — 3) + 37),
= (2% =32 — 3i)(z* — 3z + 30)
We factorize (22 — 3z — 3i)

A=9+12i = (V3(2+1))>
Hence the roots are:

3 V3.
m=5 = V8-

and

3 3
x2:§+\/§+gi.

ot o (-5 8) (- (s )

We factorize (22 — 3z + 3i)

Therefore,

Delta = 9 —12i = (v/3(2 — ).

Hence the roots are:

+V3 - iz
and /3
3 3.
T2=5— V3 + 5
Therefore,

e (s 99) (- (- )

So the decomposition of P into irreducible factors of C[X] is thus,

Pa) = (o= (3=va=45))] [(o= (5 + v+ )] [(+- (5 + v3-41))
(= (3= vae ).

To obtain the decomposition into irreducible factors of R[X], we group the conjugate complex roots,
giving

P(z) = {xz—(Q\/§+3)x+3\/§+6} {x2+(2\/§—3)x—3\/§+6}.

g
gsolution 5.11.5

If a is a common root of P and @, then x — a divides the ged(P, Q). We start by finding this ged, for
example by applying the Euclidean algorithm. Here, we have

23— 922 + 260 — 24 = 2® — T2® 4 T + 15 4+ (=222 + 192 — 39).
1 5 45 135

2 —Tx? + Tx 4+ 15 = (=222 + 19z — 39) (=57 — )+ (2 — =)
45 135, —8 52
2224197 —39 = (= —).
z® + 192 — 39 (436 )(45 +45)
So the ged(P, Q) is thus (%x — 1%), or equivalently x — 3. We then divide P and @ by x — 3, and we

find:

P(z) = (z — 3)(2* — 62 + 8),
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and
Q(z) = (z — 3)(z* — 42 — 5).

We further factorize each of the degree 2 polynomials to finally find:
P(z)=(x—3)(z —2)(z —4)

and
Q(z) = (x+ 1)(xz — 3)(z — ).

N.B : We could also have factored these polynomials by searching for obvious roots.

~

~
4 Solution 5.11.6
The degree of the reste divides P by @, It is equal to one at most. It therefore takes the rest of the desired
division.

Formula R(X) = aX + b It belongs to R[X].

If we note the quotient P by @ of symbol S was

P(X)=S(X)(X?+ X +1)+ R(X)
But we know that it is in C[X] we have: 4
X2+ X+1=(X—j)(X—j )suchasj=exp(%")
If we consider the previous equality in C[X] we conclude that R(j) = P(j)

This equality is sufficient to determine the constants a and b.
In fact, we have:

P(j) = (145 +

_ (7‘7 2)2n+1 +] n+2

And the relation aj + b = 0 such that (a,b) € R? is equivalent to a = b =0, i.e. R=0.
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Chapter 6.

Practice Exams with Detailed Solutions

6.1 Introduction

This chapter contains a collection of practice exams designed to heip students review the main concepts and
improve their problem-solving skills. Each exam is followed by detailed solutions to provide clear explanations
and guide students step by step toward the correct answers. Students are encouraged to attempt the exercises
independently before consulting the solutions in order to maximize their understanding and preparation for
examinations.

6.2 Five Solved Sample Exams

Model Exam 1

? Exercise 1 (7.5 points)
Given A, B and C three parts of a set F,

1. Show that:
a. (AnNB)UlgB= AUCgB.
b. (ANB)\C = A\(BUC).
c. AN(BNC)=(A\B)N(A\O).

2. Simplify:

? Exercise 2 (7.5 points)
We define the relation R on R? by:
(@ yR@,y) e z+y=a +y
1. Show that R is an equivalence relation.

2. Find the equivalence class of the couple (0, 0).
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? Exercise 3 (5 points)

1. Determine if part H is a subgroup of group G.
a. G = (Z,+); H = {even numbers}
b. G = (Z,+); H = {odd numbers}.

2. Show that U = {z € C, |z| = 1} equipped with multiplication is a subgroup of (C*, x).
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The Model Solution for the 1 Exam

QSOIution of Exercise 1 )

1. Show that:
a. (ANB)UCEB < AUCyB.
Let z € (ANB)ULgB < 2 € (AN B) vr € CgB,
& (xeANzeB)V(z ¢ B)
s (xeAVe g B)AN(r € BVaxé¢B)
s 1€ (AUlgB)Ax € (B UCEB)
s ze(AUuCgB)NE
S E€AUCEB. i (1.5 pts)
Because E = 0B U B and AU CgB is a subset of E.

b. (ANB)\C = A\(BUC).
x€(ANBNC & (xe ANz ¢ B)A(x ¢ C)
sSreAN(z¢gBAx¢C)
srcAnz e (CgBnlg0)
srxeANz ¢ (BUC) (Morgan’s Laws)
S T E AN(BUQC) ittt (1.5 pts)

c. AN(BNC) = (ANB)N (A\C).
re AN(BNC)s (zreAN(z ¢ BArx¢C)
S (reAnr¢B)N(€eANn¢C)
Sz e (AB)ANz e (A\O)
S 2 € (ANB) N(ANC) oottt (1.5 pts)

(AUB)N(CUA) = (ANB)n(CNA)
=(ANB)N(CNA)
=(ANA)N(CNB)
=(¢)N(CNB)
T i (1.5 pts)
b. (ANB)U(CNA)
(ANB)U(CNA)= (AUB)U(CUA)
=(AUA)U(CUB)
=FU(CUB)
=F i (1.5 pts)
\ J
%Solution of Exercise 2
1. R it is an equivalence relation if and only if it is reflexive, symmetric and transitive........ (0.5)

a. R is reflexive if and only if V(z,y) € R? : (z,y)R(z,y)
(,y)R(z,y) & z+y=z+y
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\

2. Let’s find the equivalence class of the pair (0,0).

Then R is reflexive........ooooiiiiiiiiii (1.5)

b. R is symmetric if and only if V(z,y), (z',y') € R? :

(z,y)R(',y") = («',y ) R(z,y)

(@ yR@y)er+ty=a+y =2 +y =z+ye (@,y)R(,y)

Then R 1S SYMMELTIC. ...ooiuiiiiiiiiiiicii i (1.5)

c. R is transitive if and only if V(z,y), (z',v), (z",y") € R2: (z, )Rz, ¥ ) A (z,y )Rz, y") =

1" "

(z,y)R(z .y )
’ " m+y:x,+y,
Y )& A

r +y =x +yY

’

(z, )Rz, ¥ ) A (2", y )Rz

: :I: + y — m// + y//
& (@ yRE"y")
Then R 18 tralSIEIVE. ...couiiiiiii ittt e (1.5)

Also R is an equivalence relation.

(0,0) = {(z,y) € R?/ (2,9)R(0,0)}
(x,y) € R?2/ 2+ y=0+ 0}
(z,y) € R? / 2 + y=0}
(z,y)

QSolution of Exercise 3 A

1. a. H is a subgroup of G. Indeed, 0 € H, if x,y € H, then —x and = + y are both even integers, and
therefore —x € H, x +y € H. The subgroup characterization theorem tells us that H is a subgroup

2. |zl =1then, 1 €U =U # ¢
Let z1, 22 € U and then |z1] =1et 23] =1

|z125 | =Z| :% =1then 212, €U

So, (U, x) is a subgroup of(C*, X )..ccccceriiiiiriiiiniiiiiiciiie e (2.0 pts) Y,
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Model Exam 2

2. f is even.

3. f is constant

? Exercise 1 (7 points)

Let I be an interval and let f : I — R be a function. Using quantifiers terms, write the following
propositions symbolically, and give their negations

1. f is the zero function

? Exercise 2 (6 points)

On the set R, we define a relation R as follows

Is the relation R reflexive? symmetric? anti-symmetric? transitive?

Vo, y eR,x Ry & cos’y+sin’z =1

2. Is (C,*) group?

? Exercise 3 (7 points)
on the set C, we define the internal composition law * as follows:
Y(a,b,c,d) € R*: (a + ib) * (c + id) = ac + i(ad + bc)

1. show that * is commutative and associative and accepts e = 1 as a neutral element in C.
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The Model Solution for the 2 Exam

QSolution of Exercise 1

1. f is the null function means that f is identically null, i.e. it is null for all values of I

Thus, using quantifiers:
Veel: f(x)=0

its negation is therefore

Jrel: f(x)#0

2. fiseven i.e.

Veel: f(x)= f(—=x).

its negation is:

dxel: f(x) # f(—x).

3. f 1is constant i.e.

JeeR, Ve el: f(z)=c.

its negation is:

\ VeeR, Jxel: f(z)#ec.

QSolution of Exercise 2

1. R is reflexive
Let x € R. Then the following trigonometric formula is well known
cos?z +sin?z =1,
equivalent to zRx i.e. R is reflexive.
2. R is also symmetric
To see this, let z, y € R then

2Ry < cos?y +sin?x =1

since
Va,y € R, cos?y +sin?y =1 and cos?z +sin?z = 1,
So

cos?y +sin®?z = 1 & cos?y +sin? 2 = cos? y + sin? y
hence

sin?y = sin® x
similarly we obtain
cos?y +sin?x =1 & cos?y + sin? x = cos® z + sin®x
From which,
cos?y = cos? .
We therefore obtain
cos?y +sin?z =1 cos’z +sin’y =1< yRa
i.e. R is symmetric.
3. R is not anti-symmetric
We must show
Jr,y € R, 2Ry AyRx but z #y
We have OR27 because:
cos?(2m) +sin?0=1+0=1
and
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21RO because:
cos? 0+ sin?(27) =1+0=1,
but 0 # 27
So R is not anti-symmetric.
4. R is transitive relation
let x,y, 2z € R such that
TRy AN yRz, i. e.
cos?y +sin®z=1 A cos?z+sin?y=1
Whence
cos?y +sin®x 4+ cos? z +siny=1+1=2
Or else
cos? z + sin? x + [cos? y + sin? y] = 2
cos?z+sinx+1=2
cos?z+sin?zr=2-1=1
i. e. xRz so, R is transitive.
\_ In conclusion R is an equivalence relation but it is not an order relation. )

QSOIution of Exercise 3 )

1. For every z=a+iband 2 = c+id of C

We consider the internal composition law * as follows:

2xz = (a +ib) * (c+ id) = ac +i(ad + be)

a. We prove that * is a commutative operation in C
For every z = a + ¢b and 2 =c+id in C we have:
2%z = (a+ib) * (c 4 id) = ac + i(ad + bc)
= ca+i(cb+ da)
= (c+id) * (a + ib)
=2 %z
because (x) is a commutative operation in R.
b. We prove that * is an associative operation in C
For every z = a + b, Z =c+id and 2" = e+ if in C we have:
(z%2 ) %2 = [ac+i(ad + be)] % 27
= (ac+i(ad +bc)) x (e +1if )
= [ace + i(acf + (ad + bc)e)]
= ace + i(acf + ade + bee)......(1)
(2 %2") = (a+ib) % [(c+id ) * (e +if)]
= (a+ ) * [ce + i(cf + de)]
= [ace + i(a(cf + de) + bee)]
= ace + i(acf + ade + bee)......(2)
From (1) and (2) we have:
(22 )x2" = 2% (2 x2")
So * is an associative operation in C.
c. We prove that % has e = 1 as a neutral element in C.
For every z = a + tb in C we have:
zxl=(a+ib)*(14+i0)=
=(ax1l+ilax0+bx1)
=(a+1ib) =z
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So e =1 is a neutral element in C.for *

2. Is (C,«) group?
we have 0 € C
Vz=a+ibeC,zx0=(a+1ib)*(0+140)
=(ax0+i(lax0+bx0))
=0+ix0=0#1
Hence, 0 is not accept the symmetrical element in C equipped by the law *

N So (C,x) is not group. )
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Model Exam 3

? Exercise 1 (7 points)

1. Give negation of the following propositions:
a.VreR, 2z>ux.
b. VxeR, >0= 2x>x.
c. neN, dn+11=3n+ 14.
d.VeeR, (¢>0)=(FneN:1icg

2. In the first three cases, indicate which one is true.

? Exercise 2 (6 points)

On the set R, we define a relation R as follows

Vr,y € R, 2Ry & e® <eY

Is the relation R reflexive? symmetric? anti-symmetric? transitive?

? Exercise 3 (7 points)

We equip A = R x R with two laws defined by:

@y +@,y)=@+z,y+y)
and

(@,y)x(z,y) = (zz, 2y +zy)
1. Show that (A, +) is a commutative group.

2. a. Show that the law x is commutative.
b. Show that % is associative
c. Determine the neutral element of A for the law *.

d. Show that (A, 4+, *) is a commutative ring.
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The Model Solution for the 3 Exam

@Solution of Exercise 1

1. a. the negation is given by
Fr €R 122 < T (1pt)
b. the negation of proposition (b) is given by
T eR:2>0A22 < Toviiiiiiiiiii (1pt)
c. the negation is given by
Vn €N, n+ 112304 1 (1pt)
d. the negation is given by
FeeR e>0AVneN L >c (1pt)

2. proposition (a) is false because its negation is true.
proposition (b) is true. For the proof, we proceed as follows
let x € R,
suppose that £ > 0 hence 2z =z +z > x
this completes the proof.........ooooiviiiiiiiiiiiii e (3pt)
and we have the proposition (c) is false. Solving the equation 5n + 11 = 3n + 14
we find that the only solution is n = %, or % ¢ N
Therefore
VneN: bn+11#3n+14

\ is true, or proposition " In € N, 5n+ 11 = 3n 4 14" is false.

%Solution of Exercise 2

1. R is reflexive because:
VI € R, €% < €% | S0, TTRE uuieiieeeiiiiiie et (1.5pt)

2. R is not symmetric because:
30,1€R, e®=1<e' but e! € e i, (1.5pt)

3. R is anti-symmetric because:
Ve,y e R, 2Ry AyRz < e <eY Ne¥ <e”
S e =€V S T =Yoo (1.5pt)

4. R is transitive because:

Ve,y,z € R, 2Ry ANyRz & e < eV ANeV <ef = e” <ef & xRzl (1.5pt)

\_ In conclusion R is an order relation but it is not an equivalence relation.

%Solution of Exercise 3

L (z,y)+ (@',y) = (x+2,y+y) € Asothe law + is internal.................. (0.5pt)

1"

Let (z,y), (»Tl,y,), (z ,y”) € A, we have:
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(r.9) + (@) + (@ oy ) = @)+ @ 2"y +y)
=(@+@ +2")y+ W +y)
=((@+2)+2",(y+y)+y")
= [(@y) + @y + (@ .y ).

So the law + is asSOCIAtIVE......coiiiiiiiiiiiii (1pt)

Let (2,y), (z',y) € A, we have:
(z,9)+ () = (z+ 2,y +y)
= (¢ + 2,y +v)
= (z,y) + (z,9).
So the + law is cOMMUEATIVE. ...ccuiiiiiiiiii i (1pt)

Let (a,b) € A =R x R, such that (z,y) + (a,b) = (z,y),
it is clear that (a,b) = (0,0) is the unique neutral element.............c.cccoeererne. (1pt)

Let (z',y') € A =R x R such that (z,y) + (z',y) = (0,0)
this is equivalent to:

x—&—x::O @{ ¢ =—x

y+ty =0

So the symmetric of (2, 4) IS (=@, —Y)weevererieeiiiieiei e (1pt)

(arer/,ery')(0,0)@{

So (A, +) is a commutative group.

2. a. Y (z,y),(@,y)eA: (z,y)x(x,y) = (z2',zy +z'y)
= (z'z,y z+yx)
= (x/x, z'y + xy/)
= (@', y) * (z,9)
SO K 1S COMIMUEATIVE. .. .vvvviiiiieeee ettt e e e e ettt e e e e e e e ettt e e e e e e e e senntnbaaeeaaaeees (0.5pt)

" "

b. V (z,9), (z,y), (z",y" ) € A:
[(z,y) (2", )] * (2",y") = (22, 2y +2'y) x (2",y")
— (xm/x//’xx/y// + x// (my/ + x/y))

"o

7)) R (1)

= (x:v/:b”,xx/y” +2 ) +x
(@,y) * [(@',y) (@ y ")) = (z.y) * (" 2"y +2"y)
= (zz'z” 2=y +2"y)+2'2"y)
= (zz'z xx'y +ax’y +2'2"y)
= (zx'z xx'y + 2wy +2 2 y). (2)
From (1) and (2) we find that:
[(@,9) % (&' y )] * (2" y") = (2,y) * (2, 9) * (27, "))
S0 the 1aw * I8 ASSOCIATIVE. .e.viiiiiiiiieiiiiii it (0.5pt)

c.
Let (e, f) € A such that for all (z,y) € A,

E MY SEICRIRS (SASRCS

rf+ey=y
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(1,0) € A is the neutral element of A for the law %......ccocoeevviiiniiiiniiniii,

d.
All the properties for a set with two laws to be a ring are in the previous
questions except the distributivity of * with respect to addition (4)
(to the left or to the right since the law x is commutative,
it is moreover this commutativity which makes the ring commutative).
(@, y) * (&' y) + (2" 9" )] = (@ y)« @ +2" 9 +¢)
= (@@ +2"), 2 +y) + (@ +2")y)
= (xx' +xz’ 2y +ay +xy+a"y)
= (xz' +az oy +2y+ay + z”y)
= (wa, 2y +2'y) + (22", 2y +2"y)
")

= [(z,y) * (', y)] + [(z,9) * (@ 4 Voo (1pt)

And here (A, +, %) is a commutative ring.
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Model Exam 4

? Exercise 1 (6 points)

Let
A=1{1,2,3,4}, B=1{2,4,6,8}
and let
f:A— B
be defined by
f(x) =2z

1. Determine: f (2), f (A)
2. Is f injective?
3. Is f surjective?

4. Determine the inverse image of the set {4, 8}

? Exercise 2 (7 points)
Let the following relation R be defined on R
TRy & z2 = 3>
1. Verify whether this relation is an equivalence relation.

2. Find the equivalence classes of 0 and 3.

? Exercise 3 (7 points)

Let
1 a
G:{(O 1), ae]R}

1. Prove that (G, -) is a group, where “-” denotes matrix multiplication.

2. Is this group commutative (abelian)?
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The Model Solution for the 4 Exam

QSolution of Exercise 1 h

‘We have:

A=1{1,2,3,4}, B={2,4,6,8}
and the application

1. Determine f (2) and f (A)
a. Compute f (2)
F2)=2x2=4

Thus,

f2)=4
b. Determine f (A)

We calculate the image of each element of A

f(1)=2
7 (@)=4
f@3)=6
f4)=38
Therefore,
f(A)=1{2,4,6,8}
Hence,

f(A)=B

2. Is f injective?
An application is injective if:  f(z1) = f(z2) = z1 = x2, Vzi,20€ A
Suppose:
Vri,20 € A:
f(z1) = f(x2)
Then:
2x1 = 229
Dividing by 2, we obtain:
X1 = T
Thus,

f is injective.
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3. Is f surjective?
An application is surjective if every element of B has a preimage in A
We have:
f(A)=1{2,4,6,8} =B
Therefore, every element of B is reached by f

Hence,

f is surjective

4. Determine the inverse image of {4,8}
We search for all elements = € A such that: f (z) € {4, 8}

Now:

@) =14, f(4) =8

Thus,

L f 7 48) = 2.0) Y

QSolution of Exercise 2 h

1. Consider the relation defined on real Number R

TRy & z2 = >

We verify whether this relation is an equivalence relation.
a. Reflexive Property
For every x € R

Hence,

TRx

Therefore, the relation is reflexive.

b. Symmetric Property

Assume that

TRy  then, 22 = 3?

By exchanging the two sides, we obtain
y? = 22 thus, yRzx

Therefore, the relation is symmetric.

c. Transitive Property

Assume that

xRy and yRz
Then,

2

22 =y? and y? = 2
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\

Hence,

Therefore,

TRz

So the relation is transitive.
Conclusion

Since the relation is reflexive, symmetric, and transitive, it is an equivalence relation.

. Equivalence Classes

a. Equivalence class of 0

0 ={zeR; 2RO}

We have
TR0 < 2> =02 =0
Thus,
z=0
Hence,

0 = {0}

b. Equivalence class of 3

3 ={r€R; 2zRe3}

We have
R3S 2 =32=9
Thus,
xr =43
Hence,
0 ={-3, 3}

QSolution of Exercise 3

Let

o{(3 1)+

Where “-” denotes matrix multiplication.
We verify the group properties on Matrix Multiplication.
1) Proof that (G, ) is a group
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a) Closure
Let

(05)e |

Then,

O =

?)eG , with a,b € R

Since a + b € R, we have:

1 a+b
(0 1 >€G

Hence, G is closed under matrix multiplication.
b) Associativity

Matrix multiplication is associative for all matrices. Therefore,

poratatemans (12 ), (12 ). (1 ¢ )
Co)-GoolGot)=0 ) (o
ot 1o 3)-Co ))=Co)-Ca i

So,

o) Gl Gi)=G

With a, b, c € R

—

[l

(=

c) Identity Element

Consider the matrix

Since 0 € R, we have I € G

Moreover,
Ia)_ (1 a) (1
0 1) \o01 0
and
1 a) (10 1
0 1) \01 0
Thus,

I is the identity element of G

d) Inverse Element

To show that G is a group under matrix multiplication, we verify the following properties.

>:<(1) a—i—i)—&-c)
):<(1) a-i—f—l—c)
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Let

(o 7)

T)GG, x € R such that

(o 1) (o )=o)
(o 1) (o 7)=(o"17)

This equals the identity matrix when

O =

We seek a matrix <

Now,

a+zxz=0
Hence,
r=—-a €R

Therefore,

-1

1 a 1 —a .

( 0 1 ) = < 0 1 ) which belongs to G
Conclusion

All group properties are satisfied, therefore (G, -) is a group.

2) Is the group commutative?
Let

1 a 1 b .
<0 1>€G (0 1>EG , with a,b € R

We compute:

and

(ov)(o1)=(o"")

Since a + b = b + a, we obtain

(o) ()=o) (ot)

N Therefore, the group is commutative (abelian). Y,
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Model Exam 5

? Exercise 1 (7 points)

Let E be a set and A, B and C' three parts of E, prove that:
1. CkR(AnB) =CgAUCEgB.
2. Cg(AUB) =CgANCEgB.
3. A/(BNC)=A/BUA/C.

? Exercise 2 (6 points)

Consider the functions f; : N = R, f5: Rt — R, defined as:

h@) =1 B =2,

Are the functions f1 and fs, injective, surjective, or bijective?

? Exercise 3 (7 points)

In R, we define the relation R as:

Ve, y eRiaRy o 22 —1=y>—1

Show that R is an equivalence relation and determine the quotient set R/ .
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The Model Solution for the 5 Exam

QSolution of Exercise 1 )
1. Let x € E. Then,
r€lp(ANB) < x¢ (ANB) & (¢ A)V(x ¢ B) & (v €CgA) v (v €CgB) © 2 € (CkAUlEB).

Thus,
BE(AQ B) = CEAUCEB.

2. Let x € E. Then,

r€lp(AUB) <2 ¢ (AUB) & (¢ A)A(2 ¢ B) & (v € CgA)A (v €CgB) & 2 € (CeANCEB).

Thus,
BE(A @] B) = CEA n CEB.
\ 3. AN(BNC)=ANCe(BNC) = (AN CgB) U(A NCgC) = (AN B) U (A\C). )
QSOIution of Exercise 2 )
1.
f1 N>R
x— fi(z) = H%
o Vxy, 12 €N, fi(21) = fi(z2) = ﬁ = ﬁ = I1 =22
Therefore f; is injective.
o Vy € R, 1%1: =y=c= %7 for example, when y = 5, we get x = %4 ¢ N, hence, fi is not
surjective.

As a consequence fi is not bijective.
fo:RT =R
x> fo(z) = 2°

o Vry, x5 € R, fo(wy) = fows) = 22 =22 = 21 = +a9 = 21 =25 (because 1, 1o € RT)
Then f5 is injective.

ey ceR, 22 =y == +,/y; if y > 0; then for y € R™; Fx € Rt; then f, is not surjective.

\ As a consequence fo5 bijective. )

%Solution of Exercise 3 )

1. R is an equivalence relation.
i. R is a reflexive relation, because: Vo € R; 22 — 1 = 22 — 1 = zRa
ii. R is a symmetric relation, because: Vo, y € R, 2Ry = 22 -1 =192 — 1
= 32 — 1 = 22 —1 because egality is symmetric

= yRzx
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iii. R is a transitive relation, because:

Vr;y;z € R, (2Ry) A (yRz) = (22 —1=9? — DA(y? -1 =22 -1)
= (22 —1 = 22 — 1) because egality is transitive.

= 2Rz

From i), ii) et iii) , we conclude that R is an equivalence relation.

Determine the quotient set R/%.

Let 7 € R, then: Vy € R, 2Ry & 22 -1 =92 -1
S22 —y2=0

& (@—y)(z+y)=0

e y=z)V(y=—1)

therefore: & = {—x, x}, consequently,
R/r ={{—=, =}, v € R}.
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Conclusion

This manuscript has been designed as an introductory guide to the fundamental concepts of algebra and
mathematical reasoning for first-year university students. Throughout its six chapters, the document has
presented the essential notions required for the study of higher mathematics, ranging from logic and set theory
to algebraic structures and polynomial rings, while also providing a collection of previous examinations with
detailed solutions to support revision and self-assessment.

The progressive organization of the material aims to facilitate the transition from elementary mathematical
knowledge to a more rigorous and abstract mode of thinking. By combining theoretical developments with
numerous examples, applications, solved exercises, and examination problems, this manuscript seeks not only
to transmit mathematical knowledge but also to develop students’ analytical abilities, logical reasoning, and
problem-solving skills.

The concepts introduced in this course constitute the foundation of many advanced subjects encountered in
mathematics, computer science, engineering, and other scientific disciplines. A solid understanding of logic,
sets, relations, algebraic structures, and polynomial rings is therefore indispensable for future studies and for
the development of a rigorous mathematical culture.

Although no single document can cover all aspects of algebra in depth, it is hoped that this manuscript will
serve as a useful pedagogical resource, enabling students to acquire the essential knowledge and techniques pre-
scribed by the official curriculum. Furthermore, it is expected to encourage intellectual curiosity, mathematical
rigor, and a deeper appreciation of the role of abstraction in modern mathematics.

Finally, the author hopes that this work will contribute to the academic success of students and provide them
with a solid foundation for their future studies in mathematics and related scientific fields.
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