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Exercise 1. (6 points)
Prove that by recurrence
a)2">n? forall n>5.
b) n! > 2n for all n > 4.

Exercise 2 (6 points)
Let R be a relation on Z defined by:

Ry & x4y is an even number.

a) Determine whether R is reflexive.

b) Determine whether R is symmetric.
c) Determine whether R is transitive.
d) Deduce the type of the relation R
e) Determine the equivalence class 0, 1.

Exercise 3. (8 points)
Let

R={a+bV2|abe Z}

with the usual addition and multiplication.
a) Prove that (R, 4+, X) is a ring.

b) Is (R, +, x) commutative?

c) Does (R, +, x) have a unity element?
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The ideal solution for the exam
Exercise 1. (6 points)
Proof by recurrence
a)2">n? forall n>5.

Forn =5, 2°=32, 52 =25, and 32 > 25,..ccceeenan. (0.5 pt)

so the base case holds.

Inductive step: Assume for some.............cccoeiiiiiii (0.5 pt)

n>5 2" > n?.
We want to prove that:

2n+1 > (’I’L+ 1)2

Start from the left:

2ntl = 2.9 > 2. 72 (by inductive hypothesis).
It suffices to show that

2n? > (n+1)2=n?+2n+1,

or equivalently,
m?—n?2—2n—1=n%2—-2n-1>0.

Check this inequality for

n>>s:
n?—2n—-1=(n-12%-2>16-2=14>0,
so it holds.

Therefore,

2"l > (n +1)2.

By induction, the inequality holds for all 7 > 5...........ccoennn. (2 pts)

b) n! > 2n for all n > 4.

Base case: For n =4,

4! =24, 2(4) =8, 24 > 8, i (0.5 pt)
So the base case holds.

Inductive step: Assume for some 7 > 4,..eeeeeeeeiieiiiiniiiiiiiiiiiininnnnn.

n! > 2n

We want to prove that

(n+1)!>2(n+1).
Starting from the left:

(n+D!'=Mm+Dn!'>2n(n+1)>2(n+1).



So,

(n+1)!>2(n+1)

By induction, the inequality holds for all n > 4..........cc...........

Exercise 2 (6 points)

a) Reflexivity

For any x € Z

rT+z=2z

which is even. Hence, xRz for all x

So, R is reflexive.......oooiiiiiiii (1 pt)
b) Symmetry

If xRy, then x + y is even. Since

y+tr=x+y,

it follows that yRx

Therefore,

R is symmetric......ccoeees i (1 pt)
¢) Transitivity

Assume

xRy and yRz. Then:

x + y is even, and y + z is even.

Adding these two equalities:

(x +y)+ (y+ 2z) =z + z + 2y which is even. Hence,

T + z is even, and therefore x¥z

Thus,

R 18 transitive......ocooviiiiiii (1 pt)
d) Conclusion

Since R is reflexive, symmetric, and transitive,

it is an equivalence relation..............coceeiennn. (1 pt)

e)

Equivalence class of 0

0={z e Z|x+0iseven}
So,

0 = {all even integers}......cccceoevuerverenne. (1 pt)

Equivalence class of 1

I1={reZ|xz+1liseven} ={x € Z |z is odd}.

So,

1 = {all odd integers}.......ccocervvrererrerienen (1 pt)



Exercise 3.
a) Ring axioms

Closed under addition and multiplication.............. (1 pt)
Addition is associative and commutative........... (1 pt)
Additive identity:

0=040V2 oo (1 pt)

Additive inverse:

—(a+bV2) = —a —bV2eeee, (1 pt)

Multiplication is associative..........c............ (1 pt)
Distributive laws hold.......ccoeoevuiiiiniiiinniiiiniieinnnenn. (1 pt)
Hence,

R is a ring.

b) Commutativity....ccoevrirririiiiriiiniiriiiiininniiiiniennnnan, (1 pt)

Multiplication is commutative since

(a+bv2)(c+dv2) = (c+ dv2)(a + bV?2).

c) Unity

The unity element is........ccccovveeerriiiieiniiiieenieee e, (1 pt)



