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Exercise 1(4 pts). Let (E;|| - ||g) and (F; || - ||r) be two Banach spaces.
Let T': E — F a linear operator satisfies (1)

Vr, € B :ifr, - xandTx, -y =y ="Tx. (1)

1. Prove that (E;|.||r) : |||z = |||z + ||Tx| ¢ is a Banach space and deduce
that 7' is continuous.

2. Let consider E = C'([0,1]); R) and F' = C°([0, 1]); R) with the norm || || .
Prove that T satisfies (1) but 7 is not continuous.(f,(x) = z")

3. Why do we get two different results?

Exercice 2(9 pts). Let be (E,|| - ||) a K -normed space ,0 # ¢ : E — K
a linear form and H = ker¢.
1. Prove that if ¢ is continuous we get :

a)

O 4, ),

10| £+
b). Forall (b,x) € E\H x E, ( remarking that = = %bjtw—%b,) there exist
(x,) C E\ H, (t,) C R and (h,) C H such that ||x,|| =1 and z = h,, +t,z,.

Prove that for all x € E, we have

o) _
16— A )

2. Let be E = {; be the vector space of real sequences having a finite number
of non-zero terms = = (&, )nen, and ¢(z) = > ;o 5-x;. Show in which case
we have : for all z € E\ H there existsh € H : ||z — h|| = d(z, H).

a). If E is equipped by the norm ||z||.

b). If E is equipped by the norm ||z[ls = (325, |2:]?)"/2.



Exercice 3(9 pts). Let be H = (L?([0, 1]); R) is NVS with the norm ||- ||
1. Prove that H is an Hilbert space.
2. Let be F' = Ry[X] the space of real polynomials on [0, 1] of degree < 2.
Let Pr be the orthogonal projection of H onto F. Show that
VfeH, z'nfal.{fo1 |f(x) = 327, aix’*;a; € R} is attained at y = Pr(f).
3. We now assume that H = L*(N;R) := (¢*;R). For n is a fixed integer,
3.1. We define ¢ by

n

Vo€ H g(x) =)

1=0

X
217

Show that ¢ is continuous and calculate ||@[| g+ in two different ways.

3.2. Let be

Show that M has a closed complement sub space to be determined.
3.3. Give the distance from the element (1,0,1,---,0) to M.

Note : The grade for question 1 of exercise 1 is considered the
grade for the individual work.
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