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Corrected of Analysis 2 Exam 

Exercise 1 (2.5+3+2.5=8 pts) 

 1) ∀𝑛 ≥ 1:   𝑢𝑛 = ∑
𝑛

𝑛2+𝑘2
𝑛
𝑘=1 . Using the Riemann sums calculate the limit: lim

𝑛→∞
(𝑢𝑛). 

  Answer 

𝑢𝑛 = ∑
𝑛

𝑛2 + 𝑘2

𝑛

𝑘=1

                                                      

        =
1

𝑛
∑

1

1 + (
𝑘

𝑛
)

2

𝑛

𝑘=1

                                                   

       =
𝑏 − 𝑎

𝑛
∑ 𝑓 (𝑎 +

𝑏 − 𝑎

𝑛
𝑘)

𝑛

𝑘=1

,                           

where  

𝑎 = 0; 𝑏 = 1;  𝑓(𝑥) =
1

1 + 𝑥2, 

so 

lim
𝑥→∞

(𝑢𝑛) = ∫
1

1 + 𝑥2

1

0

𝑑𝑥 

             = arc tan 𝑥|0
1 

 =
π

4
       

2) a) Calculate the integral: 𝐼 = ∫
3𝑡

𝑡2+𝑡−2
𝑑𝑡. ( Note that: 𝑡2 + 𝑡 − 2 = (𝑡 − 1)(𝑡 + 2) ) 

  Answer 
  We put  

3𝑡

𝑡2 + 𝑡 − 2
=

3𝑡

(𝑡 − 1)(𝑡 + 2)
                           

=
𝑎

𝑡 + 2
+

𝑏

𝑡 − 1
        

   =
(𝑎 + 𝑏)𝑡 + 2𝑏 − 𝑎

(𝑡 − 1)(𝑡 + 2)
. 

So 

{
𝑎 + 𝑏 = 3

2𝑏 − 𝑎 = 0
; 

we get 

{
𝑎 = 2
𝑏 = 1

. 

So 

𝐼 = ∫
3𝑡

𝑡2 + 𝑡 − 2
𝑑𝑡 
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         = ∫
2

𝑡 + 2
+

1

𝑡 − 1
𝑑𝑡, 

we obtain 
                𝐼 = 2ln|𝑡 + 2| + ln|𝑡 − 1| + 𝐶 

    b) By integration by change of variable and using the integral 𝐼, calculate the integral: 

  𝐽 = ∫
3

𝑥 + √𝑥 + 2
𝑑𝑥.                                                   

   Answer 

Putting 𝑡 = √𝑥 + 2 we get 𝑥 = 𝑡2 − 2 and 𝑑𝑥 = 2𝑡𝑑𝑡, by substitution in the integral 𝐽 we 
get 

𝐽 = ∫
3

𝑡2 − 2 + 𝑡
2𝑡𝑑𝑡                    

= 2 ∫
3𝑡

𝑡2 + 𝑡 − 2 
𝑑𝑡                  

= 2𝐼                                              
= 4ln|𝑡 + 2| + 2ln|𝑡 − 1| + 𝐶. 

So 

                    𝐽 = 4ln|√𝑥 + 2 + 2| + 2ln|√𝑥 + 2 − 1| + 𝐶. 

Exercise 2 (3+1=3 pts) 

 1) Find the general solution of the differential equation:  𝑦′ − 𝑦 = 𝑥 … … (𝐸). 

   Answer 
First we calculate the integrating factor:  

𝑣(𝑥) = 𝑒∫ −1𝑑𝑥 

    = 𝑒−𝑥. 

Multiplying by 𝑣(𝑥) gives: 

𝑒−𝑥.  𝑦′ − 𝑒−𝑥. 𝑦 = 𝑥𝑒−𝑥 

or 

𝑑

𝑑𝑥
(𝑒−𝑥𝑦) = 𝑥𝑒−𝑥, 

then 

𝑒−𝑥𝑦 = ∫ 𝑥𝑒−𝑥 𝑑𝑥, 

                             = −𝑒−𝑥𝑥 + ∫ 𝑒−𝑥 𝑑𝑥 

                             = −𝑒−𝑥𝑥 − 𝑒−𝑥 + 𝐶 

and so 

𝑦 = −𝑥 − 1 + 𝐶𝑒𝑥 

 2) Deduce the particular solution to equation (𝐸) that achieves 𝑦(0) = 1. 
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Answer 
We have  

𝑦(0) = 1 ⇔ −0 − 1 + 𝐶𝑒0 = 1 
  ⇔ 𝑐 = 2.        

So the particular solution to equation (𝐸) that achieves 𝑦(0) = 1 is  

𝑦 = −𝑥 − 1 + 2𝑒𝑥 . 

Exercise 3 ( 3+2+1.5+1.5=8 pts) 

 1) Find a limited development of order 3 in a neighborhood of 0 for the functions 

  Answer 

𝑢(𝑥) = 𝑒𝑥 tan 𝑥                                                                                       

= (1 + 𝑥 +  
1

2
𝑥2 +

1

6
𝑥3) (𝑥 +

1

3
𝑥3)                            

= (1 + 𝑥 +  
1

2
𝑥2) (𝑥) + (1) (

1

3
𝑥3)                              

= 𝑥 + 𝑥2 +
5

6
𝑥3 + 𝑜(𝑥3).                                                 

𝑣(𝑥) =
𝑥 +

1

6
𝑥3

1 − 𝑥
                                                                                        

𝑥 +
1

6
𝑥3 

1 − 𝑥 

𝑥 − 𝑥2 
𝑥 + 𝑥2 +

7

6
𝑥3 

𝑥2 +
1

6
𝑥3 

 

𝑥2 − 𝑥3  
7

6
𝑥3 

 

7

6
𝑥3 

 

0  

So  

𝑣(𝑥) = 𝑥 + 𝑥2 +
7

6
𝑥3 + 𝑜(𝑥3).                                                                

2) Using the previous limited developments, calculate the following limit: 

lim
𝑥→0

(

sinh 𝑥

1−𝑥
− 𝑒𝑥 tan 𝑥

𝑥3 ). 

   Answer 
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lim
𝑥→0

(

sinh 𝑥

1−𝑥
− 𝑒𝑥 tan 𝑥

𝑥3 ) = lim
𝑥→0

(
𝑥 + 𝑥2 +

7

6
𝑥3 − (𝑥 + 𝑥2 +

5

6
𝑥3) + 𝑜(𝑥3)

𝑥3 ) 

   = lim
𝑥→0

(

7

6
𝑥3 −

5

6
𝑥3 + 𝑜(𝑥3)

𝑥3 ) 

= lim
𝑥→0

(
1

3
+ 𝑜(1))                 

= lim
𝑥→0

(
1

3
+ 𝜀(𝑥))                 

=
1

3
.                                         

 

 3) a) Find a limited development of order 2 in a neighborhood of ∞ for the function 

ℎ(𝑥) = ln (1 +
2

𝑥
). 

   Answer 

𝐻 (
1

𝑡
) = ln(1 + 2𝑡)                                  

= 2𝑡 −
1

2
(2𝑡)2 + 𝑜(𝑡2)  

= 2𝑡 − 2𝑡2 + 𝑜(𝑡2).       

Butting 𝑡 =
1

𝑥
 we get: 

ℎ(𝑥) =
2

𝑥
−

2

𝑥2 + 𝑜 (
1

𝑥2).       

   b) Calculate the limit lim
𝑥→∞

(𝑔(𝑥) − 2𝑥 + 2) and conclude that the graph (𝐶𝑔) has an 

asymptote (denoted (∆) ), write an equation for (∆). 
   Answer 

lim
𝑥→∞

(𝑔(𝑥) − 2𝑥 + 2) = lim
𝑥→∞

[𝑥2 (
2

𝑥
−

2

𝑥2
+ 𝑜 (

1

𝑥2
)) − 2𝑥 + 2]               

           = lim
𝑥→∞

(2𝑥 − 2 + 𝑜(1) − 2𝑥 + 2) 

= lim
𝑥→∞

(𝑜(1))                          

= lim
𝑥→0

(𝜀(𝑥))                          

= 0.                                         
We conclude that the graph (𝐶𝑔) has an asymptote (∆), and the equation of (∆) is:  

𝑦 = 2𝑥 − 2. 
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