ARBI BEN MHIDI OUM eL BOUAGHI UNIVERSITY
Department of Mathematics and Computer Science
First year Maths Module Algebra 2,
Teacher: Soula 2024/2025

exam in: 14/05/2025

Exercise 1 (5 pts)

Show that E = {(z +y + 2, z —y, 2)/ z,y,z € R?} is a vector subspace
of R3

Exercise 2 (7.5 pts)

Let f : R? — R2 be defined by

f(z,y) = (v —y, =3z + 3y)

1) Show that f is a linear application.
2) Give a basis of Ker(f) and a basis of Im(f).
3) Show that f is neither injective no surjective.

Exercise 3 (7.5 pts)
Let f : R* — R3 be the linear application whose matrix in the canonical

basis
of R* and R3 is

1 2 1 3
A= 11 2 1
1 -2 5 -11

1) Determine a basis of the Ker(f ).
2) Determine a basis of the Im(f). What is the rank of f ?
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Typical answer

Exercise 1(5 pts)
e Ogs = (0,0,0) € E because (0,0,0) =(04+0+0,0—0,0))
SO B £ @ et (2 pts)

oVX,YEE,/\,,ueRshowthat/\X—i—,uYéE'ona:

X€eEB3(z,y,2) ER’/X =(z+y+z1-y2),

YeE Jz,y,2)eRX = (m +y +z @ —y’,z’),

MX +pY =Mz +y+ 22—y, 2)+ pla +4 +z :L'/ Y, z)
:(Ax—i—)\y—fj)\z,)\x—)\y,,)\z) (p’ +uy + pz ,ux/—,uy uz)
=((Ax + pa )+ Ny + py ) +Az 4+ p2), Az + px) — Ny + py),

(Az + 12)) , , ,
from where 32" = Az+pz € R, Iy = My+py € R, and 32" = Ae+pz €R
SO, AX + 1Y €E oo (3 pts)

Then F is a vector subspace of R?

Exercise 2 (7.5 pts)
1) Let (z,9), (z,y ) € R%, VA, p € R,
FA@,y) +p(@,y)) = f(/\xﬂw Ay+uy) )
= (A& + pz’ — Ay — py " =3z + pa’ )—&—S(Ay/-i-uy,
= Mz —y)+pul' —y), N(=3z+3y) + p(-32 +3y
= (A& — ). (=32 +30)) + (ula’ 3 ) w32 +3y
=Mz —y), (= 3l’+3y)) p((z —y), (=3z +3y
=M ((z,y) + nf@'y)
So, f is a linear application........ccccceovvriiiiiiiiiiiiiiniiiiieeeeene (2 pts)

’

’

)
)
)
)

(w0) € kerl(r) & oy 2 +30) = 00 {
Sr=y

So (z,z) = z(1,1), (1,1) is a non-zero vector

which generates ker(f), it is a basis of ker(f ).oooveveeeriennn (1.25 pts)

fle1)=(1-0,-3x1+4+3x%x0)=(1,-3) =e; — 3e2 and

Flea) = ((0—1,-3x0+3x1)=(—1,3) = —e; + 3es

Im(f) =Vect(f(e1), f(e2)) = Vect(er — 3ea,—e1 + 3ea) = Vect(e; — 3ea)

e1 — 3es is a non-zero vector that generates Im(f),

it is a base of Tm(f).cocceeirieniiiiiei e (1.25 pts)

3) f(1,1) = (0,0) = £(0,0) and yet (1,1) # (0,0)

SO f 1S NOt INJECTIVE..eueviiiiiiiiiie et (1.5 pt)
We will show that (1,0) has no antecedent. Suppose there exists (x,y)
such that (1,0) = f(z,y) & (1,0) = (x — y, —3z + 3y)



@{ l=2z—y

0=—-3z+ 3y
o { l=z—y
r=y
& { 1=0 it’s impossible.
xT=y
SO f 1S NOt SUTJECHIVE. .eeeiiiiiieeiiiiee e (1.5 pt)

Or, f is an endomorphism so f is injective if and only if f is surjective.
Here, f is not injective so f is not surjective.

Exercise 3 (7.5 pts)

T
1) Let X e R*, So X = 2
T3
Tyq
12 1 3 o 0
XeKer(f)e AX =0 [ 1 1 2 1 S I
1 -2 5 s 0
T4
$1+2I’2+£E3+31’4:0 —*3173
T1+ T2+ 223 +2x4=0 & To = I3
T, —2x9 + Dx3 — 11y, =0 x4 =0
X = (731'3,1'3)%370) —1'3( 331, 0
Then (—3,1,1,0) is a basis of ker(f so dim ker(f ) =1....... (3 pts)
2) According to the rank theorem
dim ker(f )+ dim Im(f ) = dim R* = 4
So, dim Im(f ) =3=.dim R> ..o, (3 pts)
Then Im(f ) = R? and 7g(A) = dimIm(f) = 3.ccoeeevireennn. (1.5 pts)



