Larbi Ben Mhidi University - Oum El Bouaghi-
Faculty of exact sciences, natural and life sciences
Department of Mathematics and Computer Science Academic year: 2024/2025
Level: 1st year M+C.S Exam: Analysis 1 Duration:1h30

Exercise 1 (07 pts) (The five questions are independent )

1) Let the set A defined by A = {1 + % ,n eN*}. Prove that infA4 = 1.

2) Let x be a real number, prove that: 0 < E(2x) — 2E(x) < 1.

3) Let the complex number z, = cosz?n + isin Z?N Calculate z3 and deduce the value of the sum:
1+2zo+28+23+z;

4) Let f be a function defined on R by f(x) = x3 + 3x + 1, calculate (f 1) (1).

5) Applying the Mean Value Theorem, prove that: Vx € ]0, +oo[: é <In(x +1) < x.

Exercise 2 (06 pts)

u0=0

2
us+u,+1
VneN: u =t
n+1 Up+2

Let (u,)n oy be a real sequence defined by

1) Provethat Vne N: 0 < u, < 1.

2) Determine the direction of change of the sequence (u,), -

3)a)Showthat: Vne N:1 —u,,, = (1 - 14_2) (1 —u,).

b) concludesthat: Vn e N: 1 —u, ., < 3(1 —Uy,).

n
4) Prove that: Vne N:1 —u, < G) , and Deduce lim u,,.

n—oo

Exercise 3 (07 pts) ( The two questions I) and II) are independent )

. e\/1+sinx_e . e\/1+sinx_e
[) Using L'Hopital's rule, calculate lim ————, Does the function g: x = accept
x—0 tanx tanx
extension by continuity to 0.
2x

I) Let f be a function defined on R by f(x) = T

1) Show that f is bounded on R (Use the inequality V x € R: — |x| < x < |x]).
2) Write the expression f(x) without the absolute value symbol.
3) Examine the derivability of f at 0, and express f'(x) in terms of x.

4) Show that f is a bijective to R in the interval f(R), which must be determined.

5) Express f~1(x) in terms of x.

Good luck.
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Exercise 1 (07 pts)

1) Let the set A defined by A = {1 + % N eN*}. Prove that infA = 1.

we have

1
VneN*1+—22 1.
n

inffA=1 & (0.5)

1
Ve;dn eN": 1+ > 1+—
n
1
VneN* - = 0.
n (0.5)
Ve;dn eN e > —
n
1
VneN* - > 0.
< n (0.5)
Ve;dn eN*: 1 < n.e
This last proposition is true according to the Archimedean axiom.

2) Let x be a real number, prove that: 0 < E(2x) — 2E(x) < 1.

We have
2x —1<EQ2x) <2%X eevevvev e . (1) (0.25
In the other hand we have
x—1<EMXx)<x =>2x—2<2E(x) <2x (2x 0.25
= -2x<-2E(x)<-2x+2........(2) (0.25
By adding (1) and (2) we get:
—1 < EQ2x) = 2E(x) < 2, (0.25
so
0<EQx)—2E(x)<1. (0.25)

3) Let the complex number z, = cosz?n + isin 2{ Calculate Zg and deduce the value of the sum 1 +

zy + 25 + z§ + z§.

c 2r . 2w
ZO=C085?+151n5? (0.25)
=cos2m+isin2r =1 (0.25)
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2 3 4 1_£
1+ZO+ZO+ZO+ZO=1 =0 (0.5)

4) Let f be a function defined on R by f(x) = x3 + 3x + 1, calculate (f 71)"(1).

We have
(FY(@) == where f()=1
f'(x) (0.25)
So
fX)=1ex3+3x+1=1
(0.25)
©x3+3x=0
Sx=0 (0.25)
And we have f'(x) = 3x% + 3, s0 f'(0) = 3 then (2x0.25)
@ = (0 3 (0.25)
5) Applying the Mean Value Theorem, prove that: Vx € ]0, +oo[:ﬁ <ln(x+1)<x.
By applying M.V.T to the function F in the interval
By applying the mean value theorem to the function f in the interval [0, x] we get:
fx)—fO)=f"(c)(x—0) where 0<c<ux (0.5)
so
ln(x+1)=1+cx where 0<c <x. (0.25)
In the other hand we have
0<c<x= ! < ! <1 (0.25)
1+x 1+c¢
And for all x > 0 then:
1:C-x<1-1l-cx<x (029
So
1x? < In(x+ 1) < x. (0.25)
Exercise 2 (06 pts)
Uy =20
Let (u,,),, -y b€ a real sequence defined by YneN: wu,, = U2 +1Up +1
Up+2
1) Provethat Vne N: 0 <u, <1.
0<yy<le0<0<1 (istrue). (0.25)
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AssumethatVne N: 0 <u, <1.

x%+x+1 , x%+4x+1
and f'(x) =
x+2 ' f1e) (x+2)2

Butting f(x) =
0<u,<1=f(0)<f(u) <f()
=>%S flu,) <1

=0y, <1
2) Determine the direction of change of the sequence (u;,);, on-

_uftu, +1
Upy1 —Up = w. + 2 —Up
n

1—u
= 2> 0.
u, +2

So (uy) isincreasing

Since (u,), oy is @ bounded increasing sequence, it is therefore convergent.

) (@ —uy).

1
Up+2

3)a)Showthat: Vne N:1 —u,,, = (1 —

we have

2

up, +u, +1

l-upy1=1——mmF—
1—u?

T u, +2

In the other hand we have

(1 1 )(1 )_2+un—1(1 )
U, + 2 Un) = U, + 2 Un

1+u,
u, +2

(1 - un)

b) concludesthat: Vne N: 1 —u,,; < 5(1 — Up).

we have
VneN:0<u, <1 = };<: ! <:-1
- 3 u,+2 2
=>1—1<1— 1 <1—l
2 U, +2 3
=>(1— )(l—un)Sz(l—un).
U, +2 3

>0 Forall x> 0.Sof isincreasing therefore (2x 0.25

(0.25)

(0.25)

(0.25)

(0.25)

(0.25)

(0.5)

(0.25)

(0.25)

(0.25)

(0.25)

(0.25)

(0.25)

(0.25)

(0.25)
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2
=1— Uy Sg(l—un).

2 n
4) Provethat: Vne N:1—-u, < (E) :

By induction
2
1—u0<(§) s1<1 (is true).

n
Assume that 1 —u,, < G) .

. 2 2 /2 n 2 n+1
Slncel—un+1Sg(l—un)thenl—unﬂgg(—) :(E) .

Deduce lim u,.

n—oo

n n
SinceVneN:0<1-u,< G) and lim (3) =0, then lim u, =0. =1.

n—oo n—oo

Exercise 3 (07 pts)

Vitsinx_
I) Using L'Hopital's rule, calculate lim 2 -,

x—0 tanx

eV1l+sinx _ g4 (e\/1+sinx _ e) eV1+sinx cosx
im ———— = lim - = lim T
x—0 tan x x—0 (tan x) X—0

cosZ x
i e\/1+sinx_e . . .
Does the function g: x — — . accept extension by continuity at 0.
Since lirr%) gx) = g < oo then g accept an extension by continuity at 0 and we have
X—

glx) if x#0

q =<e
g&x) . if x %0¢ =0,
IT) Let f be a function defined on R by f(x) = 1iTx|'

1) Show that f is bounded on R (Use the inequality V x e R: — |x]| < x < |x]| ).
SinceVxeR: —|x| <x < |x|] = —2|x| < 2x < 2|x|
—2|x]| 2X 2|x|
< <
1+ x|l ~ 1+ x|~ 14 |x|
2 2x 2

+ < <2
14 [x] — 14 |x| 1+ |x|
= -2=<f(x) <2

= -2

2) Write the expression f(x) without the absolute value symbol.

(0.25)

(0.25)

(0.25)

(0.25)

(2x0.25)

= e
2Ji+sinx _ >(0.25+ 0.5+ 0.25)

(0.25)

(0.25)

(0.25)

(0.25)

(0.25)

(0.25)
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2x

2x 1+x
f(x)_1+|xl_2_x <0
1_,x X (0.25)

if x>0 (0.25)

3) Examine the derivability of f at 0, and express f'(x) in terms of x.

2x
X 0 ——0 2
lim M =lim*~2—=lim——=2 = f'(0 — 0) (0.5)
xS0 X—0 xS0 X—0 xSol—x
f@=fO) 10 2
X 2x
imi——2 7 = lim &% = lim—— =2 = £'(0 + 0). (0.5)
0 Xx—0 o0 X—0 2,1+ x
So f is derivable at 0 and f'(0) = 2.
- if x>0 0.5
Rt if x<0
\a=xz " * (0.5)

4) Show that f is a bijective from R towards the interval f(IR), which must be determined.

We have V x € R: f'(x) = 0 then f is continuouse and strictly increasing on R, so f is a bijective to

Rin £(R). (2x 0.25)
Since xLlToof(x) = 2 and 11m f(x) -2, then f(R) =]-2,2[. (2x 0.25)

5) Express f~1(x) in terms of x.

Forx>0and0 <y<2.

(x) = 2x _
fx) = 1+x—y (0.25)
o x = y
x——z_y (0.25)
Forx <0and -2 <y <0.
) 2
= Lo =
fx Tz 7 (0.25)
y
S x = —. 0.25
x 2+y ( )
So
X
7 x if 0<x<2
@ =4 %%
if —2<x<0
2+ x
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