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Exercise 1. (7 points)
1)

a) the negation is given by

T2 € R 128 < @i (1pt)
b) the negation of proposition (b) is given by

Fr €R:2>0A22 < Toriiiiiiiiiiiii (1pt)
c) the negation is given by

VYn €N, Bn+ 11 Z 304 1duee e (1pt)
d) the negation is given by

FeeR e>0AVneN t L >e (1pt)
2)

proposition (a) is false because its negation is true.

proposition (b) is true. For the proof, we proceed as follows

let x € R,

suppose that > 0 hence 2z =x+z > x

this completes the proof........coooviiiiiiiiiiiiieee e (3pt)
3)

proposition (c) is false. Solving the equation 5n + 11 = 3n + 14
we find that the only solution is n =32, or 3 ¢ N

Therefore

VneN: 5dn+11#3n+ 14

is true, or proposition " dn € N, 5n 4 11 = 3n + 14" is false.
Exercise 2.

1) R is reflexive because:

Ve € R, €7 < €% | S0, TIEeeeeiiiiiiiiieee et (1.5pt)
2) R is not symmetric because:
30,1€R, e2=1<el but el £ eV, (1.5pt)

3) R is anti-symmetric because:
Ve,y € R, zRy AyRz < ¥ < eV Ne¥ < e

S P =€V S T =Y (1.5pt)
4) R is transitive because:
Va,y,z € Ry zRyAyRz < e < eVAeV < e = e < e & xRz, (1.5pt)

In conclusion R is an order relation but it is not an equivalence relation.
Exercise 3.

1) (z,y)+(z',y) = (z+2",y+y') € Aso the law + is internal................... (0.5pt)

Let (z,y), (ffl,y/), (x/,7yl/) € A, we have:
(ZL’,y) + [(x/7y/) + (1[,’ LY )] — (m,y) + (Z’l _’/_xnvlyz +y//) / )
=@+ (@ +a )y+y +y))



(+a)+a" (y+y)+y")

[(2y) + (@) + @y ).
So the law + 15 a8S0CIALIVE. ....eiiiiiiiii i (1pt)

Let (x,y), ( ) €A, we have:
(z,y) + (x ,y) (chr:v y+y)
= (¢ + 2,y +y)
=(v,y )+ (z,9).
S0 the 4 1aw 1S COMMIUEALIVE. ...u.iiieie e (1pt)

Let (a,b) € A =R x R, such that (z,y) + (a,b) = (z,y),
it is clear that (a, b) = (0, 0) is the unique neutral element................ccceeeee. (1pt)

Let (z',y) € A =R x R such that (z,y) + (z',y) = (0,0)
this is equivalent to:
’ ’ X + .'I,'/ = 0 33/ = —X
r+x,y+ = 0,0 4 ’ =
@iawr)=00e{ 2750 o
So the symmetric of (@, Y) 18 (=&, =) eoveereeriieiie et (1pt)

So (A, +) is a commutative group.

2)

a) Vv (z,y),(«,y) € A: (z,y)x (2',y) = (sa’, 2y +2'y)
= (gt y)
= (@ a, zy+ay)

= (@,y) * (2,9)

S0 * IS COMIMUEATIVE. ...ttt (0.5pt)
b) V (z,y), (:C//,y/), “:E”,Ny”) €A:
[(@,y) * (2,9 * (2", y") = (a2, 2y +2'y) x (z",y")

(m:x AT Y +x (xy +xy)
o Lo (a:xa: maxy +3: TY +T T Y))enn (1)
(@) * (@) * @y = @ x a2y +3'y)
=@zz x(zy +zy)+zay)
= (mx/x”,xm/y” +az'y + m/m”y)
= (zxz'z" xx'y + 2 zy +2"2y). (2)
From (1) and (2) we find that:

[(,y)* (2,9 )] x (@ y") = (z,9) % [(@, ) * (27, y")]

S0 the law * 1S ASSOCIALIVE. c...eiiiiieiiii i (0.5pt)

<)
Let (e, f) € A such that for all (z,y) € A,
re=2a e=
) * ) = ) <:> <:>
@) =wne{ B30l
(1,0) € Ais the neutral element of A for the 1aw x......c.cccoviiiniiiiniiiiniici,



d)
All the properties for a set with two laws to be a ring are in the previous
questions except the distributivity of * with respect to addition (4)
(to the left or to the right since the law x is commutative,
it is moreover this commutativity which makes the ring commutative).
(@) <[ y) + @ ) = @y« @ +a' oy +y)

=@ +a ) xy +y )+ (x +z )y)

=(xx a2z 2y +2y +xy+x y)

(o e 4! )

=(zz, 2y +xy)+ @z 0y +xy)

=[(z,y)*(x ,y )]+ [z ) * (T Yy )i (1pt)

And here (A4, +,%) is a commutative ring.



