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Exam: Analysis 1 

Exercise 1 (6 pts) 

 1) Let 𝑎 and 𝑏 be two numbers where 𝑎 ∈ ℚ+, 𝑏 ∈ ℚ+and √𝑎𝑏 ∉ ℚ+. Prove that √𝑎 + √𝑏 ∉ ℚ+. 

 2) Let 𝐴 be a subset of ℝ bounded from above, we define the set −𝐴 = {−𝑥; 𝑥 ∈ 𝐴}. 

      Prove that: inf(−𝐴) = − sup 𝐴. 

 3) Prove that: ∀𝑥 ∈ ℝ ∶ arc tan 𝑥 + arc cotan 𝑥 =
𝜋

2
. 

 4) Write the expression 𝐿(𝑥) = sin3 𝑥 cos3 𝑥 in linear form (Note that: sin 𝑥 cos 𝑥 =
1

2
sin 2𝑥 ). 

Exercise 2 (7 pts) 

 Let 𝑓 be a function defined in the interval 𝐼 = [2, +∞[ by 𝑓(𝑥) = ln𝑥 −
1

𝑥
+ 2. 

 1) a) Prove that the function 𝑓 is strictly increasing on 𝐼. 

  b) Using the mean value theorem Prove that: ∀𝑎, 𝑏 ∈ 𝐼: |𝑓(𝑏) − 𝑓(𝑎)| ≤
3

4
|𝑏 − 𝑎|. 

 2) Let (𝑣𝑛)𝑛∈ℕ, (𝑢𝑛)𝑛∈ℕ be a sequences defined by: ∀𝑛 ∈ ℕ: {
𝑢0 = 2

𝑢𝑛+1 = 𝑓(𝑢𝑛)
 ; {

𝑣0 = 3

𝑣𝑛+1 = 𝑓(𝑣𝑛)
  

  a) Study the monotonicity of the two sequences (𝑣𝑛)𝑛∈ℕ, (𝑢𝑛)𝑛∈ℕ 

  b) Prove that: ∀𝑛 ∈ ℕ: |𝑣𝑛+1 − 𝑢𝑛+1| ≤
3

4
|𝑣𝑛 − 𝑢𝑛|. 

  c) Using the proof  by induction, prove that: ∀𝑛 ∈ ℕ: |𝑣𝑛 − 𝑢𝑛| ≤ (
3

4
)

𝑛

. 

 3) Prove that (𝑣𝑛)𝑛∈ℕ and (𝑢𝑛)𝑛∈ℕ are adjacent. 

 4) We put lim
𝑛→∞

𝑢𝑛 = lim
𝑛→∞

𝑣𝑛 = ℓ. 

   a) Prove that ∀𝑛 ∈ ℕ: |ℓ − 𝑢𝑛| ≤  |𝑣𝑛 − 𝑢𝑛|.           b) Deduce a value rounded to 10−2 for ℓ. 

Exercise 3 (7 pts)  Let 𝑓 be a function defined in ℝ by 𝑔(𝑥) = {
𝑥2 sin

1

𝑥
 , 𝑥 > 0

𝑒𝑥2
− cos 𝑥  , 𝑥 ≤ 0  

. 

 1) Examine the continuity of 𝑔 over ℝ.           2) Using L'Hopital's rule, calculate lim
𝑥→0

𝑒𝑥2
−cos 𝑥

𝑥
. 

 3) Examine the derivability of 𝑔 over ℝ.           4) Express 𝑔′(𝑥) in terms of 𝑥. 

 5) Is the function 𝑔 of class C1 on ℝ? justify your answer. 

 6) Using L'Hopital's rule, calculate lim
𝑥→+∞

 [𝑔(𝑥) − 𝑥], What do you conclude? 

                                                                                                                            Good luck. 








