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Algebra 3 test

Exercise 1: (6 pts)

1/ Calculate the matriz T, such that T =

o O Ot
DN —

2/ Find the matriz exp N, where N =

SO O
N~ O N O

o O O
O o

Exercise 2: (8 pts)

1 1
Let A=12 1
01

= NN O

1/ Determine the characteristic polynomial Ca(x).

2/ What can you say about the matriz A? Explain your answer.
3/ Find the eigenspace corresponding to each eigenvalue.

4/ Can you determine In A? Justify your answer.

5/ Solve the differential system X' = AX.

Exercise 3: (6 pts)

1/ In parts (a) and (b) determine whether the statement is true or false, and justify your

answer.
(a) If A is a non diagonalizable matriz in R [z], then A is trigonalizable in R[z].
(b) If every eigenvalue of a matriz A has multiplicity 1, then A is diagonalizable.
2/ In parts (c¢) and (d) prove the propositions

(¢) If A, B and C are matrices for which A is similar to B and B is similar to C, then

A is simular to C.
(d) If X is an eigenvalue of a square matriz A, then \° is an eigenvalue of A®.
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2/ expN=I+N+ N>+ ..+ LN"+ ... =1+ N..(Ipt)

Exercise 2: (8 pts)

1/ Cy(z)=det (M —xl3)=—(1—2)(1+z)(3—1x).... (2pts) .

2/ We can say that A is diagonalizable because C4 (x) is split and has simple roots, so
ma (x) = —C}y (x) is also split at simple roots

3/ Find the eigenspaces

for \y =1, Ey, = Vect{(—-1,0,1)}....(0.75)
we obtain  for Ay = —1, E), = Vect {(1,-2,1)}....(0.75)

for \3 =3, E\, = Vect {(1,2,1)} ....... (0.75)
4/ We can’t determine the matrix In A, because the function logarithme is not defined on
)\2 =—1.

5/ We have X (t) = c;eM!X | + c2e™! Xy + 3™ X3, / ¢1, o, c5 € R... (1pt) then the solution

-1 1 1 —cret 4 coet + et
of X' =AX is X (t)=cie' | 0 | +ce | 2|+ |2] = —2coe™t 4 2c5e3 /
1 1 1 crel + coet + czedt

Exercise 3: (6 pts)
1/

(a) is false ...(0.25)because we can find an irreductible characteristic polynomial in R [z],
0 1
-1 0
and non trigonalizable matrix in the same time in R [z] ... (1pt)

as example for the matrix ) ,C (z) = 22 + 1, so we can find a non diagonalizable

2



(b) is true ..(0.25)If every eigenvalue of a matrix A has multiplicity 1, then mu (x) =
—C4 (x) will be split at simple roots so A will be diagonalizable....(1pt)

2/

(c) A is similar to B so it exist an invertible matrix P such that A = P.B.P~1..... * (0.5)
and B is similar to C, then it exist an other invertible matrix P’ such that B = P'.C.P'~1....x
% (0.5)
remplace ** in * we obtain A = P.P".C.P"~'.P~! = (P.P").C.(P.P")"" /P.P' is invertible
because P and P'are and (P.P))"" = P'~1.P~1... (1pt)

So A is similar to C.

(d) A is an eigen value for a matrix A € M, (k) means that exist a non vector V' for k"
such as A.V = A.V.....x (0.5)
So A5V = A5 (A\.V) = A*X(A.V) by * we obtain

AV =AANV)=AN(AV) = AN\V) = ANV

by the same methode we obtain

AV = AN (AV)=ABN\V)= ANV
= AN (AV)= AN (\V) = A2 NV
= AN (AV)=AN (\V) = AV =\ (AV)
= AMAV) =NV

so \° is an eigen value for A°... (1pt).



